ON GENERALIZED QUATERNIONS

BY
GORDON PALL

1. Introduction. In this article we shall present a basic investigation of
the arithmetics of generalized quaternions, as they arise naturally out of the
study of integral ternary quadratic forms. It was, indeed, out of the theory
of quadratic forms, that (perhaps unnoticed) generalized quaternions first
originated, in a form suitable for use in arithmetic. Thus, in 1854, Hermite
[6](*) obtained a general expression for the automorphs of a ternary quadratic
form. He found it simpler to express the automorphs, not of f= a.s%.Xs
(@as=0asa; 0, =1, 2, 3), but of its adjoint adj f= ZA afXaXp, where the A.p are
the cofactors of the a@.s. (Asthe automorphs of f are the transpose of those
of adj f, this involves no loss.) Hermite expressed the automorphs of adj f
(cf. §2) by means of four parameters, say fo, ¢1, 2, fs, subject to the condition
to>+> A .ptats=1. Now a product of two automorphs is, from their very na-
ture, again an automorph. He'mite found that the product of the two auto-
morphs corresponding to the parameters %; and ¢; is given by v;, where

Vo = Yol — Z A aptials,

Vo = Uola + Uabo + (Uals — Usls)@1a + (Usty — Uils) G20 + (12 — Ust1)C3a.

¢))

Further, under (1), there holds the “composition identity”
) (ue? + 2 Aagthatis) (bo? + D Aaptats) = (902 + D Aagvaty).

This formula for multiplying the quaternion (o, u1, %2, #3) by (fo, b, t2, t3)
to obtain the product quaternion (vo, 1, ve, v3) is the essence of a quite gen-
eral, linear, associative, quaternion algebra. U. V. Linnik [11] proposed to
call the elements of this algebra kermitions. The author developed some fac-
torization properties of these algebras in 1938 [12], in the special case wheré
the matrix (aqg) is integral. These results are perfected in the present article,
and extended to the case where the form f= a.sx.%s is integral, that is, the
Gqa and 2a.p are integers.

With each form f, where the a.s are rational numbers and | a.s| 0, is as-
sociated the quaternion algebra defined by (1). The elements of this algebra
can be written as u =uo+41%+ 1212 +13u;3, where the u; are rational numbers
and the 17, satisfy the multiplication table of §2(1). If we apply the rational
transformation U= (%ag) t0 (@as), then by Theorem 1, the basal elements 7z,
are replaced by k= Uiati+ Usatz+ Usats, where the U, are the cofactors of

Presented to the Society, November 24, 1945; received By the editors July 26, 1945.
(*) Numbers in brackets refer to the Bibliography at the end of the paper.
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the #,5. Thus the algebras associated with (@.s) and U’(a.s) U are rationally
equivalent. Indeed, the correspondence between elements uo—l—Zu.,ia and
Vo +Zvak¢ becomes actual equality under the transformation vo =1, %, = Uath
+ Uegva+ Uasvs.

The system of Hamiltonian quaternions (for which i,2=—1, 4303=1%
= —4302, and so on) is associated with fi=1x:24x,2+x32, or with the identity
matrix.

With every integral form f is associated a system Z(j) of integral qua-
ternions, consisting of the quantities t=¢/ +Ziata, where ¢/ =to+2‘126,tq,
and lo, b, t2, I3 are rational integers (§3). Here the e, have the values 0 or 1 in
accordance with §3(1). The sum, difference, and product of two elements of
>(f) are in ) (f). The trace 2¢{ and the norm (fo+2-1Y_ €uta)?+2 Aastats are
rational integers. The quantities 1 and j.=7,+€.,/2 (e=1, 2, 3) form a basis
of D_(f). If we apply a unimodular transformation U to f to obtain g, the sys-
tems »_(f)'and ) (g) are isomorphic, and the trace and norm of each element
are invariant. If U is integral, but | U | >1, Y (g) isa subset of ) (f). The sys-
tem Y (f) is maximal in the sense of Dickson, if and only if the form adj f
cannot be derived by an integral transformation from any form adj g, where
g is also integral (cf. §3).

If f=f., then D_(f) consists of the-Lipschitz integral quaternions

3) to + t1b1 + dafe + daly,

the ¢; rational integers, the 7, the Hamiltonian units. This system is not maxi-
mal. For, if g1 =x124x2?+x3% 4 29%3 + x3%1 +x1x2, then adj g1 = (3x:2+ 3%+ 3x3?
— 2x9%3 — 2x3%1— 2x1%2) /4, and adj fi=y12+y:2+y,? is obtained from adj g1 by
the transformation % =vy2+7ys, X2 =y1+7ys, x3=y1+7y2 of determinant 2.

Any system Y (f) can be put (cf. §11) into other forms by applying rational
transformations, and expressing the conditions on the coefficients of .elements
in the resulting algebras which correspond to the integrality of the elements
of X_(f). For example, since the diagonal multiplication table for f; is simpler
than that for g, (in the preceding paragraph), we may seek a set of elements
in the quaternion algebra for f; arithmetically equivalent to the set D (g1).
With an eye on the identity

(4) ad_] &1 = (xg + X3 — x1)2/4 + (xa + Xy — xz)2/4 + (x1 + X3 — x3)2/4
and noting that ¢, =ea=¢€3=1 for g, we set

Yo = 2x0 + %1 + %2 + %3, Y1 = %3 + X3 — %1,

Y2 = %3+ %1 — %, ¥z = %1 + Xz — X3,

()

whence the norm-form (20422 e€.%a)?+2 AasXaxs becomes (yo?+y12+ys?
+7v32)/4. On solving (5) for the x; we obtain 2x;=y,+vs, 2x2=y3+y1, 2x3=
y1+92, 2%0=7y0—y1—¥2 — s, whence the integrality condition that xo+Y_jaXa
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have integral coordinates.is equivalent to the condition, that yo, 31, 2, y; are
integers satisfying

(6) Yo = y1 = ¥y = y; (mod 2);
while the corresponding integral quaternions are given by
@) (y0 + 4131 + d2y2 + 13y5)/2,

the i, being the Hamiltonian units. Thus this system of integral quaternions,
given by A. Hurwitz, is isomorphic with > (g1). The form g1, we should ob-
serve, is the reduced, positive-definite, integral ternary of least determinant
(=1/2).

The much debated question of whether one should use the Hurwitz sys-
tem rather than that of Lipschitz is thus seen from the point of view of quad-
ratic form theory to amount to this, whether one should confine attention to
fundamental forms (not derivable from integral forms of a smaller determi-
nant) or not. The form fi=ux:2+x,2+x5? is, to the worker with quadratic
forms, just as important as the form g, even though the form adj f; may not
be fundamental. Similarly, from the standpoint of quadratic forms, non-
maximal systems of integral quaternions are just as important as maximal
systems, even though they may not be as simple (for, if adj g is carried into
adj f by an integral transformation of determinant &, the primes dividing %
will play an exceptional role in ) (f)).

In this article we shall not confine attention to maximal systems. We
shall make no restriction on f, for arithmetical applications, except that it be
integral. However, we shall sometimes be compelled to restrict the norms of
certain quaternions, and it will usually be seen that these restrictions are
vacuous when the system is maximal.

Out of personal experience with Hurwitz or Lipschitz quaternions, the
author may say that it makes no essential difference which one uses. Using
Lipschitz quaternions one must sometimes restrict the norm to be odd, but
this is counterbalanced by the simplifying fact that there are fewer units.

Interesting points to which we may call attention here are: the easily re-
membered multiplication table (§2(1)), and its simple law of transformation
(Theorem 1); the definition of a system of integral quaternions (§3); the theo-
rem on the uniqueness of factorization of primitive quaternions in every sys-
tem 2 (f) (§5); the algorithm for finding factors of a given norm in §6; the
exact formula (when F is fundamental) for the integral automorphs of adj f
and the norm-form F, which points to the essential rightness of our definition
of integral quaternion (§7); the determination of all systems with positive-
definite norm-forms in which factorization is always possible (Theorems 10
and 11). We may point also to Theorem 12, which states that there do not
exist genera of more than one class of positive-definite norm-forms, which
do not also contain classes of minimum greater than 1; there should surely
be an easier way of proving this.
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Principal notations. f denotes a ternary form of matrix (a.s); the matrix
of adj fis A = (A«p) ; the multiplication table of its algebra is given in §2, (1) or
(2); the basal elements of the algebra are usually designated 1, 41, %5, 73; ele-
ments of the algebra, gquaternions, are usually. denoted by the letters
¢, %, -, 2 and their coordinates indicated by subscripts. If f is an in-
tegral form, a basis of the integral elements . (f) is 1, /i, 72, 73 (§3); d =4| aagl ;
F always denotes the morm-form (xo-+ ewx1/2-+ exxs/2+e€sx5/2)2+2 A apxais,
where the €, (=0 or 1) are chosen to make F an integral form. Subscripts a
and 8 always range over 1, 2, 3; subscripts ¢ and j over 0, 1, 2, 3, unless other-
wise indicated. F, G denote quaternary forms; other italic capitals denote
square matrices and their linear transformations; T’ =transpose of matrix T;
f=the conjugate of the quaternion ¢ (§2).

We shall employ freely (without indications of proof) certain facts about
the form-residues modulo %k to which a quadratic form can be reduced by
integral transformations of determinant prime to %; certain standard proper-
ties of genera of quadratic forms; and the invariants ¢, of quadratic forms un-
der rational, linear transformations. The latter invariants are due to Hasse
[4], and in the ternary case to Hensel [5, p. 337]. An exposition of all these
tools will be given shortly in a book by the author.

2. The Hermite quaternion algebra. The quaternion algebra pertaining to
the form f, or symmetric matrix (a.g), will now be defined. This algebra has
four basal elements 1, 41, 42, 73 satisfying the multiplication table

'ia2 = = Aaa (a = 1, 2) 3)»
dgis = — Ass + D Graba i1y = — Az — Z G1ata,

n

with 43¢5, and so on, obtained by permuting subscripts cyclically. In matrix
notations, the multiplication table can be written

0 Z asa‘ia bl E ag.,i,,

(2) i'=—A4+K, where K =] — 3 a3aia 0 > Grata |,

E a2aia - E alaia 0

where i’ denotes the row vector (41, 73, 73) and the prime indicates “transpose.”
The elements of the algebra have the form

(3) =%+ D dakea = %o+ i,

where &’ = (x1, %2, x3); and the x; may range over some field containing the co-
efficients a.g.

It is sometimes more convenient to speak of the 7, as pertaining to the
matrix (A.s). Note that (4,s) is the adjoint also of (—a.s), and that the cor-
responding multiplication table is obtained by changing the 4, for (g.s) to
their negatives.
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We can easily verify that if #=uo+) i.tt and t =294 iatfa, then ut=v is
given by Hermite’s formulae (1) of §1.
If T is any nonsingular matrix of order 3,

4) %+ V= 2o+ ¥y, where §=T9y, ¥ =1T.
By (2),8'=T"ii'T=—T'AT+T'KT. This suggests the following theorem.

THEOREM 1. Let U denote a matrix of order 3 and nonzero determinant \. If
(aap) s replaced by (bag) = U’(@ap) U, whence A is replaced by B=T'AT (where
T'U=UT'=\I), then the basal elements k, pertaining to B are related to the i,
of A by the linear transformation

®) I= Tt
We shall base our proof on the interesting identity:
(6) C'[p*IC = [¢*], where q = Dp.

Here p denotes any column vector, p’ = (p1, ps, ps), and [p*] denotes the skew-
symmetric matrix formed from p as follows:

0 ps —p2
) [*] =] —2s © P |;
P2 —h 0

C is any matrix of order 3, and D’ is the matrix of its cofactors, that is,
CD=D(C=«I, where y= | C | . Obviously, the left side of (6) is skew-sym-
metric. We leave the verification of (6) to the reader.

To complete the proof of Theorem 1 we must show that T'KT = [q*],
where q=(bas)l. We have immediately,

T'KT = T'[p*]T, where p = (aupi,
= [¢*], where q = AU'(aup)t = U'(aup) UT't = (bop)t.

The form ZA apXaXs is derivable from x;2+4x32+x3% by means of a complex
linear transformation £=T%, hence 4 =T"'T. It follows from Theorem 1 that
the basal elements 7, pertaining to A are related to the Hamiltonian units,
say h. (these being usually denoted by 4, j, k), by the transformation i=T"§.

We define the conjugate % of x to be &=xo— %1%, —%s%2 —73xs. In the case
of Hamiltonian quaternions, & = x,2. Hence, by the preceding paragraph,
there hoids in our generalized quaternion algebra,

8) £x = 2% = xo® + FAE = %02 + O AopXaXs.

We call this the norm of x and denote it by Nx. It will be seen from (1) and the
distributivity of multiplication that the conjugate of (042 tatta)(fo+D iata)
is (fo— tala) (Ho—2 iata), that is

9) ut = i-a.
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Hence if v=ut, then =174, vi=wutla=u#-t, or Nv=Nu-Nt. This is of course
Hermite's identity (2) of §1.

The correspondence in (4) replaces each quaternion x by an equal quater-
nion, expressed in terms of a new basis. This correspondence is preserved un-
der addition and, by Theorem 1, under multiplication. The “real part” xy of
x, and the norm, are invariant.

We call x pure if £= —x, whence 2x,=0. If x is pure and ¢ is any quater-
nion, then y =i#xt is also pure, and Ny = Nx(Nt)2. Here Nx is given by the ter-
nary form ) A.gx.xs. Thus if Nt=1; the linear transformation expressing
the y, in terms of the x5, obtained on expanding y=/x¢, is an automorph of
the form Y A .sx.xs. It is of determinant 4-1, and will be found to coincide
with the general expression of Hermite, mentioned in the Introduction.

Indeed, we easily prove that y=#xt where Nt=1 gives the most general
automorph of determinant +1 of any form 4 = (A44s), provided it is true for
one particular form, say for the identity matrix I, or the matrix of xx; — x5
(a relatively easy case [1, pp. 22-23]). For, if E denotes the general automorph
of determinant +1 of (say) I, and T is a particular transformation of I into 4,
then an obvious argument shows that T-'ET is the general automorph of
determinant +1 of 4. Let ¢ denote the I-quaternion for which y =#xt expands
into n=EE£. Consider the corresponding equation in 4-quaternions y ={xt.
Then the I-coordinates of y are those of the vector T, and those of x are
those of T&; cf. (4). Hence the A-equation y=1{xt is equivalent to the linear
transformation T =E(T£), or n=(T'ET)£. It therefore yields every auto-
morph of determinant +1 of 4.

LEMMA 1. Let (a.) be a rational, symmetric matrix of order 3, Iaa,g| #0.
Let 1, ky, ks, ks be linearly independent quaternions in the algebra of (a.p) satisfy-
ing the same multiplication table as the basal elements 1, 11, 12, 13. Then there
exists a quaternion q in the algebra and a sign o= +1 such that
(10) ok = qilq—l, ok = qizq_l, ok; = qiafl.

For since k.2 is real and 1, ki, ks, k; are linearly independent, k, is pure
and we can find a nonsingular rational matrix T such that £=T"{ (cf. (5)).
Hence the multiplication table of the k. is that connected with the form
T'AT. By hypothesis, T’AT =4, or T is a rational automorph of 4. Choose
the sign of T and adjust ¢ so that | T'| = +1. Then there exists a rational
quaternion ¢ such that the equation y ={xt~! is equivalent to the matrix equa-
tion n="T¢. If x=4,, then £'=(1, 0, 0), and ' =£'T’, whence 75’ is the first
row of T’; thus the coordinates of 7’ are the i-coordinates of kj, that is
k1=t’i1t_l. Slmllarly, k2=t’l:2t_l, k3=l1:3t—1.

3. Quaternion arithmetics. Let (a¢,5) be any nonsingular symmetric ma-
trix of order 3, which is semi-integral. That is, an, @z, ass, and 2as, 2as1, 2a:,
are rational integers; and the ternary form f= a.s%.xs is an integral form.
The adjoint matrix 4 = (4.5) may have some of its coefficients with denomi-
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nator 4. It will be convenient to introduce three numbers €, €, € each equal
to 0 or 1 according as (respectively) 2@z, 2as1, 2a12 is even or odd. It is easily
seen that

2

€1 €1€2  €1€3

)] 44 =| 21 € €3 | = e’ (mod 2),

€3€1 €3€2 632

where €’ denotes the vector (e, €, €).
The Hermite “norm-form” x¢24Y_ A .sx.%s is not always integral for in-
tegral forms f. However, it is found (cf. (1)) that the form

3
F = (xo + 61x1/2 + €2x2/2 + €3x3/2)2 + E Aaﬂxaxﬁ

a,f=1
= 202 + 2 ea%o%a + D (Aaa + €a2/4)%a® + (2425 + €263/2) 2225
+ (2431 + es61/2) 321 + (2412 + €1e2/2) 2122

always has integral coefficients. By replacing %o by %o+ haXa, Where the hq
are integers, we can evidently replace the €. by arbitrary integers of the same
respective parities. The form (2) then becomes identical with a form shown by
Brandt to be the most general satisfying a certain type of composition iden-
tity. We shall refer to (2) as the Brandt norm-form or simply norm-form.

We now introduce new basal elements j. by the equations

2)

3) ta = Ju — €a/2 (@=1,2,3),
with the €, as defined above. The elements of the algebra can be written as
4) t =ty + jit1 + joba + jsts,

where the ¢; are (say) rational. We define ¢ to be an integral quaternion if the
j-coordinates o, &, f2, #; are rational integers. Clearly,

(5) t—'t0+2_lzeata+21ata—t0 +Zta m

say, and the real part #J of an integral quaternion ¢ is in general only half an
integer, while the other coordinates (always integers) are the same for both
the 7, and j,.
The sum of two integral quaternions is evidently integral. Also,
j 2 = ea]a - Aaa - 6a2/4s
(6) jajs = (G2 + €2/2)(is + €/2) = — A2z — 271D G1a€a — €263/4
+ anjr + (12 + €s/2)j2 + (a1s + €2/2)5s.
Here Axn+2"2) 1.6+ €263/4=(a12+ €3/2) (as1 + €2/2) — au(as + €/2) +ane,
and is always integral. Hence a product of integral quaternions is always
integral.
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The norm of ¢ evidently coincides with the Brandt norm-form in the j-co-
ordinates of ¢ as variables, and with the Hermite norm-form in the 7-coordi-
nates. If ¢ is integral, Nt is an integer. The same is true of ¢-+£, or 24/ . Hence ¢
satisfies the algebraic equation 12—2¢J t+ Nt=0 in which the coefficients are
rational integers.

A quaternion is called primitive if it is integral, and the g.c.d. of its j-co-
ordinates #y, &, £, 3 is 1; primitive mod « if this g.c.d. is prime to «; purely-
integral if it is pure and 4, &, and £ are integers (pure meaning, even if
j-coordinates are used, that to42"1) e.ta=0); purely-primitive if it is purely-
integral and the g.c.d. of &, £, #3is 1. A purely-integral quaternion is therefore
not integral unless ) _e.ta is even.

Our set of integral elements has all the properties prescribed by L. E.
Dickson [3(a), p. 141; (b), p. 154] for the integral elements of an algebra,
except that in some cases our set is not maximal, and can be imbedded in a
larger set of integral elements.

It can easily be shown directly, or by using some results of Brandt, or of
C. G. Latimer [10], that the set )_(f) is maximal if and only if adj f is funda-
mental, in the sense that adj f cannot be obtained by an integral linear trans-
formation of determinant greater than 1 from the adjoint of an integral form.
For, if d =4l a,,gl , it is easy to prove that adj f ¢s fundamental if and only if

(7 d is squarefree, and ¢, = —1 for each prime p in d.

(In view of Theorem 7, the same result holds with F in place of adj f.) An
examination of Latimer’s work will show that every maximal set of integral
elements in a rational generalized quaternion algebra is associated with a
ternary form satisfying (7). It should be noted that he appears in his work
to omit the condition that ¢; is —1 when d is even (an essential condition if f
is indefinite) ; and that, after transforming his problem so that in effect ;=1
and e;=¢€; =0, he uses as his key form the norm of 2x,2;+x7,+x325 (integrality
requiring that the coefficient of 7; in a pure quaternion is even), whence his
matrix I' is obtained from our 4 by multiplying the first row and column by 2.

Several writers have investigated canonical bases of (maximal) integral
sets. Since our multiplication table is so easy to remember, handle, and trans-
form, we prefer not to canonicize it any further, but rather, when we have the
need, to use all the resources of quadratic form theory to obtain the most
expedient form for a particular problem.

4. Integrality is preserved if T"is unimodular. We prove somewhat more.
Suppose T is an integral matrix such that B=T'AT is the adjoint of a semi-
integral matrix. (This is always true if ] TI =1.) To see that integral quater-
nions associated with B are still integral when referred back to 4, we need
only show that

(1 D €aka = D €a*y, (mod 2),
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where the € are the parameters 0 or 1 related to B; and where £¢=1T1,
x0+2—lzeaxa=y0+2—lz:ea*ya-

Now 44 =e¢e’ mod 2 by §3(1). Hence 4B=¢*e*'=T"4AT=T'ee’T mod 2.
Hence ¢*’'=¢'T, and D ex =€t =€’ Tn=€*'n=2_¢*y, mod 2.

Note that the transformation replacing the norm-form (xo4+2"1Y €s%a)?
+¢'A£ by the norm-form (yo+2-2_e*y.)?+n'Bn is the integral transforma-
tion £=T7, xo=v0+ (¥ —€'T)n/2 (see §8).

5. The factors of a given norm of a primitive quaternion are essentially
unique. If v =uf in integral quaternions, ¢ is a right-divisor, u is a left-divisor,
of v. Necessarily, Ntl Nv. We designate units, that is integral quaternions of
norm 1, by the letter 8. The quaternions 0¢ are called left-associates of ¢; all,
or none, are right-divisors of ». By definition of integral quaternion, v is di-
visible by a rational integer m if and only if each of the j-coordinates of v is
divisible by m. We now prove:

THEOREM 2. Let x be primitive. If Nt=m, and t is a right-divisor of x, the
only right-divisors of x with norm m are the left-associates 0, provided

) {m s not divisible by any prime p such that p‘*’l d

(where d = 4| aqp|) or such that p||d and ¢, = + 1.

It will be noted that the restriction (1) on m is vacuous if the integral
system is maximal (as we remarked in §1). The proof depends on three
lemmas, from which the theorem will follow, since x+2m and ¢ have the same
right-divisors of norm m, t=ut; with N¢t=Nt,=m, Nu=1, u=0.

LEMMA 2a. Ifx=y (mod m), x and y have the same right-divisors of norm m.
Proof. If y=x+2m and x =ut where Nt=m, then y= (u+2i)t.

LemMMA 2b. If Nw is prime to m, x and wx have the same right-divisors of
norm m.

Proof. Choose g so that gNw=1 (mod m). If wx=ut, qwwx =qwut=x
(mod m).

LemMMA 3. If m satisfies (1), x is primitive, x =ut, and Nt=m, then we can
choose an integral quaternion z such that N(x+2zm)/m is prime to m.

Proof. Set ¢=(Nx)/m. Then

(2) N(x + zm)/m = q + xZ + 2% + 22m,
and we set
3) r =%+ 2% = 2220’ — 2 Aap¥a2p).

We can apply to f any unimodular transformation to obtain a more conven=
ient residue, since divisibility will be invariant under such transformation. We
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interpolate here a lemma on form-residues embodying facts needed here and
later.

LEMMA 4. Let d=4|a.s|. If p is an odd prime not dividing d or dividing d at
most once, we can assume

4 f = a1’ + a:x® + p=asxs® (mod p7),

r arbitrary, where a,, az, asare primeto p,and oz s 0or1 itfas=1,c,=( —alazl p).
If d is odd, f is equivalent mod 27 to the form

(5) = nx + asxs?,
as 0dd; and if d=2 (mod 4) and co= —1, f is equivalent mod 2+ to the form
(6) = 224 %122 + x2% + 203757

as odd. Form-residues for coprime moduli can be achieved simultaneously.

To continue with the proof of Lemma 3, if p|m and plg, we make g+r
prime to m by taking 2=0 (mod p?). If p|m, p]q, and p/d, then by (4) with
a3=0and (5),

r = 2(x0'20' — 0203%121 — 0301%222 — @182%323) (mod p2), if p > 2,
r = 2[(xo + x3/2)(Zo + 23/2) + a3x122/2 + a3x2z1/2 + x323/4]
= (2249 + %3)20 + 03%221 + a3%122 + (%0 + %3)23 (mod 4), if p = 2.

Clearly, x being primitive, g7 is prime to p by choice of z mod p. Finally,
the case plm, pl q, p”d, ¢p,= —1, cannot hold with x primitive:

LEMMA 5. If x is primitive and ml Nx, then if p is a prime dividing d pre-
cisely once and satisfying c,= —1, m cannot be divisible by p2.

For by (4) with as=1 and (6),
Nz = %% + pas(a:x:® + a1%2%) + 10225 = 0 (mod p?),
Nx = 20> 4+ xox3 + 232 + 2a3(212 — 2122 + x2%) = 0 (mod 4),

whence x¢ and «x3, then x; and x., are seen to be divisible by p.
In view of Lemma 5, m has the following form:

©) m =2¢*mms, where u is unrestricted (=0) if d is odd, u is 1 or 0 if
d=2 (mod 4) and ¢;= —1, u=0 otherwise; m, is squarefree, and consists only
of odd primes p dividing d once and such that ¢,= —1; m, contains no primes
dividing 2d.

6. Conditions for the existence of a right-divisor of norm 7. A method
of obtaining the right-divisors if any, of a given norm will now be given.

THEOREM 3. Let m be a nonzero integer represented by some form in the genus
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of F, and assume §5(1), x primitive, m[Nx. Then, by an algorithm explained
below, every factorization

1) x = ut,

in which Nt=m, is associated with a representation of the number 1 by a certain
quaternary form in the genus of F. Hence, unless the genus of F contains a class
of forms which do not represent 1, there exists a right-divisor t of x, of norm m and
necessarily (by Theorem 2) unique up to a left unit factor.

By (1), x{=0 mod m; conversely, if /=0 and Nt=m, then xf=wum with u
integral, xit =utm, x =ut. We seek the general solution ¢ of the system of four
congruences =0 mod m, with the intention of substituting this general solu-
tion in the condition Nt=m.

If m is even we can use the residue

2) f =722+ x1%2 + 22 + Ax3? (mod 2%)

where =0 and X is odd, except that j=1 and A=2 mod 4 if d=2 mod 4 and
¢z= —1. Simultaneously we can assume that

©) [ = a1:® + as%,? + asxs? (mod myms),

where a,, a2, and a3/m; are integers prime to mm,, and ¢,= (—alazl p)=—1

for each prime p in m;. A
The four coordinates of xf in terms of the j, must be divisible by m. In
particular, on expanding (xo+x3/2+zi¢xa)(to+t3/2 — iata) With (a.g) as in
(2), and (A.p) as given by
adj f = ANz — 2122 + j222) + (G — 1/4) %,
and then using %1 =ji1, 92=Js, 13=73—1/2, we get

xobo + N(Gxr — x)l1 + AN(Jx2)ta + (%0 + jxs)ts = O,
%t + (— %o — x3)t1 + sty + (21 — jxo)ts = 0,
%oty + (= jx)ts + (— xo)ta + (jx)ts = 0,
x3to + Axots + (— Ax)ts + (— %o)ts = 0, mod 2+,

(4)

For the odd modulus m;m: we can use the ¢-coordinates, since xo’ and £, are
integral mod m;m,, and have

%'ty + @203%181 + asa1%et2 + 1007385 = 0,

(5) X1y — X't +  aixsts —  a1xats = 0,
Xald —  @exsth —  Xo'ta + a3 =0,
xato’ + aszxaty — asxits — xo'ta = 0, mod p',

where p* ranges over each of the prime-powers in mma.
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For success the following process requires that the number of independent
congruences in (4) or (5) be two.

First, let p| m1, whence pl as. Since Nx=x¢"24 2032012+ a301%:2+ 102032 =0,
xo'=x3=0 (mod p). Hence the matrix of (5) has the first and fourth rows
zero mod p, and the second and third (x; 0 0 —ayx2) and (x2 0 0 asx,). Clearly,
(5) can be solved for ¢y’ and ¢; (hence for ¢y and ) in terms of ¢ and £ (mod p).

Second, let p=2, d=2 (mod 4), whence j=u=1. Then Nx=2x¢>+xex3+ x>
=0 (mod 2), xo=x3=0 (mod 2), and the matrix of (4) reduces mod 2 like the
preceding case; we can solve for 2y and f; in terms of #; and ¢ mod 2.

If ptd, it may be remarked that (4) or (5) will usually involve three inde-
pendent congruences (if 7| Nx and pfx). However, if p7|xo’ or 2#|2xo-+xs,
we shall prove that the number of independent congruences is two. For ex-
ample, if pfxs, multiplying (52), (53), and (54) by @:asx1, @183%2, and @,a0x3,
and adding, we get 0 mod pr, whence (54) is a consequence of (5;) and (5s);
using X3, —asxs, and azx; on (51), (52), and (53) shows the same for (5;). As
plxs and plazaax12+aaalx22+alazx32 the determinant of the coefficients of ¢’
and ¢ in (S;) and (5;) is prime to p, and we can solve for ¢’ and ¢ in terms of #
and # mod pr. Similarly in (4) if x3=—2x, (mod 2#), then as j=0 and
24| —xo?—Axixz, (41) and (45) are proportional, and (A\x2)(42)+ (A\x1)(4s)
—x0(44) =0.

To secure p’lxo’ and 2"]2xo+xs, we use Lemma 2b, and the following
lemma.

LemMA 6. If pld, and x is primitive, we can find an integral quaternion
residue w mod p° (s given not less than 0), such that Nw is prime to p, and the
real part 2(wx)o of 2wx is divisible by p°.

We use (2) with j=0 and modulus 2¢; (3) with a; prime to p and modulus
p*. Hence if p=2, Nw=wo?+wows —wiw; (mod 2), and

6) 2(wx)o = wo(2x0 + %3) + wi1(Ax2) + wa(Ax1) + wa(xe + x1), mod 22,
and if p>2, Nw=w'?4a:05w:? +as0:w.2+ 1032 (mod p), and
(7) (wx)o = Wo'xo, — (203W1X1 — A3Q1W2X2 — A102W3X3 (mod ?').

Since x is primitive, (6) can be solved for one of the w;, say wi=bowo+b.ws
+bsws (mod 2¢). This implies mod 2 that w;=2v1+bwo+beva+bsvs, wo=02o,
we =1v,, ws=v3. Substituting this in the expression for Nw gives a quaternary
form of determinant (d/4)2-22, whence not every term in vy, v2, v3 has an even
coefficient. Hence Nw can be made odd by specifying o, 93, and vs mod 2,
and then 2(wx)o=0 mod 2* by choice of w;. A similar argument applies to (7).

To sum up, for each prime-power pr in m, the condition =0 mod 2" re-
duces to a pair of congruences such as ¢ty =at:+ s, £, =i+ 6t; (mod p7), where
a, B, v, 0 are integers; or what is the same thing, to

®) to = pTso + asz -+ Bss, h = prsy + sz + Oss, ts = 3, t3 = s3,
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in which the s; are arbitrary integers, a substitution of determinant p?*. If
these last expressions are substituted for the ¢; in the system of congruences
corresponding to x{=0 (mod p."*), where p,™* is another prime-power in m,
we obtain four congruences in so, - - -, S3 equivalent, since p and p. are co-
prime, to xf=0 (mod $,"?), and hence having a solution of determinant p.?
expressing the s; in terms of four new integer parameters. Continuing in this
way, and finally compounding the linear substitutions, we see that the gen-
eral solution of x/=0 (mod m) is given by a system of the type

3
9) ti= 2 pipi, i=0,---,3, piintegers, | pi;| = m?.
=0

Furthermore, for arbitrary integers 2, - - -, 23 the ¢; determined by (9)
must satisfy

(b + 2712 €ata)? + D Aaptals = 0 (mod m).

For they satisfy x=0, xit=0, x(Nt) =0, where x is primitive and Nt is ara-
tional integer.
On substituting the expressions (9) for ¢; in the equation

(10) (to + 2_12 eata)z + Z Aaﬂtatﬁ =m,
we obtain an equation of the form
(11) Z 7ij2%; = m,

where the form on the left has integral coefficients. Also, by the preceding
paragraph this form has a value divisible by m for all integers 2; and z;. It
follows that m divides every r;;. Setting r;;=ms;; we get

(12) > sigiz= 1.

Conversely, for any solution 2o, - - -, 23 of (12), the integers ¢; determined
by (9) satisfy (10) along with xf=0 (mod m), hence (1).

Finally, to prove that F and G =) _s;x; are in the same genus, we need
only show that they have the same index, the same determinant d%/16, and
the same form-residues modulo d2. Let F and G stand for their own matrices.
Since G was obtained from F by applying the transformation (9) of matrix
P =(p;;), and cancelling m, we have

(13) P'FP = mG.

By (13), since IPI =m?, the determinants of F and G are equal. Also, the
indices are equal, since P is real, m is positive if F is definite, and the indices
of Fand — F are the same if F is indefinite.

We assumed that m is representable by the genus of F. Hence m
= F(vo, v1, 03, v3), where the v; are rational numbers of denominator prime
to 2d. Thus m = Nv, and mF= N(vt) determines a linear transformation of
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determinant m? of Finto mF, with rational coefficients of denominators prime
to 2d. By (13), P'mFP =m?G; hence F can be carried into G by a rational
transformation with denominators divisible by m but by no other prime fac-
tors of 2d. Hence, first, F and G have the same values for all their rational
invariants ¢,, and, second, it remains only to prove that F and G are equiva-
lent mod p7, where p divides both m and 2d. That the last holds true follows
from the easily proved lemma:

LEMMA 7. Let pld;or p”d and ¢, = —1. Then every integral quaternary form
of determinant d*/16 is equivalent to a form with the following residue mod p':

(14) %ox1 + d?x2x3, if p = 2 and d is odd;

(15) xo? + moxs + %1% + (d%/18)(%2® + xews + x32), if p = 2||d and ¢z = — 1;
(16) %2 + nxi? + p(x2? + nas?), if p > 2, p||d and ¢, = — 1.

In (16), —n denotes a certain quadratic non-residue mod p.

This completes the proof of Theorem 3. The reader’s attention should be
drawn at this point to Theorems 11, 12, and 13.

When f is indefinite, then at least when adj f is fundamental, it follows
from a well known theorem of A. Meyer [3(c), p. 54] and adj f is in a genus of
one class. But it does not necessarily follow that this is true of F. However,
Latimer’s theorem that, in the indefinite and fundamental case, every one-
sided ideal in an integral set is principal implies that if F is indefinite and
fundamental, F is in a genus of one class. For, according to Brandt [2, p. 29],
the ideal-classes correspond to the classes in the genus of F.

We shall in §15 prove a result showing that Theorem 3 is in some meas-
ure best possible.

A word should be added here about the restriction on m in Theorem 3.
The genus of F represents all integers m (having the necessary sign if F is
definite) for which F(xy, x1, %2, x3) =m (mod k) is solvable for every modulus k.
It is easily seen that if F is fundamental, and in certain other cases, this con-
gruence is solvable for every k. Hence in this case there is no restriction on m,
except for sign when F is definite.

7. The automorphs of adj f and F. The integral automorphs of any in-
tegral ternary quadratic form can be expressed most conveniently by means
of our systems of integral quaternions. If adj f is fundamental the result will
be surprisingly precise.

We first make some remarks by way of orientation. The automorphs of g
and «g are the same for any form g and constant . The automorphs of f are
the transposes of those of adj f. For if 4 =adj @, and A= Ial , S’AS=A4 im-
plies S’ASa=AI, S’A and SA4 are permutable, hence Sa.S’ =a. If there is one
automorph of determinant —1, all such are obtained by multiplying it on
one side by each positive automorph, where positive signifies determinant +1.
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The automorph —1I can be so used if the number of variables is odd. The
form F has the automorph

) [1 e’]
o -1t
I of order 3, of determinant —1. Hence the number of integral automorphs

of Fis double the number of its integral positive automorphs.
Our main result in this section is the following:

THEOREM 4. Let f be integral and adj f be fundamental. Then every positive
integral automorph yo = e.pxs of adj f is obtained by equating i-coordinates in

2) = (Ixt)/Nt (£ =D takay ¥ = 2 1a¥a)
as t ranges over the primitive quaternions such that Ntl d. Every positive integral
automorph y; =2 hiix; of F= (20427 €aXe)?+ A apXaks is oblained by equat-
ing j-coordinates in

3 y = (txu)/Nt (2 = 20 + Zjaxm Y=y + Zjaya)’

as t and u range over the primitive quaternions such that Nt=Nu and Nt!d.
All automorphs so obtained are integral, and each appears exactly twice, once
Jor t and once for —t in (2), once for (¢, u) and once for (—t, —u) in (3).

THEOREM 5. If f is integral and adj f is not fundamental, then all the posi-
tive integral automorphs of adj f, or F, are tncluded among the automorphs ob-
tained as in Theorem 4; but among those so obtained there may be some which
are not integral.

We consider first the uniqueness property. If we apply to adj f a non-
singular transformation T, as in Theorem 1, all quaternion equations will be
transformed uniquely, and the automorphs will correspond as E to T71ET.
Hence we can suppose if we wish that

4 = a12:1% + as%2? + asx3?, a10203 = 0.

The expression (2) is homogeneous: it is unchanged if ¢ is replaced by A,
\ scalar. Conversely, we prove the following lemma.

LEMMA 8. If the coefficient field has characteristic not 2, then ixt/ Nt =tixu/Nu
tdentically in x implies that t and w differ only by a scalar factor, which may
however lie in a larger field.

We can choose A to make Nt=A2Nwu, and so can assume N¢= Nu. We shall
verify that if the values of the nine elements of /xt are fixed, as well as the
value of N¢, then ¢;¢; are uniquely determined (¢, =0, 1, 2, 3), whence *t¢is
determined. The explicit expansion of (2) is D/Nt, where D is

to? + @203t — astats? — G1a0fs? 2a1(tots + astits) 2a1(— totz + astsh)
(5) 2a2(— ltots + ashts) 8o? — a2a3h® + asits® — @maats? 2a2(tots + artats)
2a5(totz + azhits) 2a3(— tot1 + artals) to? — @aaghy® — asarls® + araats?
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Clearly the value of £y a.asti?+asait2?+a1a:t:2 (= Nt) and the values of the
three diagonal elements fix the values 442, and the nondiagonal elements
determine 4¢;.

Abbreviate 4 . as 4.. Equating i-coordinates in y =fxu we get y; =2 7%,
where

ro0=rtotbo— A 181041 — A 282005 — A st3us, roa=—A1(forr+t1000— arbous+artsus),

roa= — A s(fotta+ b0+ astrtha— astsus), ros= —As(tots~+tsuo— astitia+astaus),

r10="{toth1+rtho+ a1taths— artatts, ru=too— Artrt1+A sbatus+ A stsus,
©) rie=a1(fous—latho— astitta—~ astaus),  r13= —as(totha— tatho+astius+astsuy),
r20=lothatt2tho— Got1us+ aatsus, r91= — as(toths— tsthot+astiua+astans),
rae=tottot+Arbiur— Asbaust+Astaus,  raz=as(tors— titko— artaths— arlsus),
r30=toss+Lsuo+ astrue— asbani, r31= a3(botha— tatho— G2b1t43 — Galsuy),

r3a= — as(foth1— bitho+ arbarus+ artarss), raz=louo+A1brur+Astars— Astsus.

The terms occur in sets of four; for example, the 7;; involve fo#o and A ot ta.
The signs in different r;; of a set differ in only two terms, so that if the alge-
braic sum is taken to make a particular term add four times, the other three
terms will cancel. Thus if the values r;; are fixed, the values 4a;a.a3t;%; are
fixed for every ¢ and j. If Nt and Nu also have fixed nonzero values, either
(¢, u) or (—t, —u) are thus uniquely determined.

It will be noted that (6) reduces to (5) when % =¢, the first row and column
becoming Nt, 0, 0, 0.

We saw in §2 that the positive rational automorphs of adj f are given by
(2), but did not determine the field restrictions on the ¢;. They can indeed be
restricted to be rational. For, f can be carried by a rational transformation
into a form of type (4) with rational nonzero a.. We can choose \ so that
Nt is rational. The discussion following (5) shows that ¢; are rational
(z,7=0, 1, 2, 3). Hence t;=u,s"2, where the u; are rational, and we can re-
place ¢ by u.

Before going further we prove a similar result for the rational automorphs
of F.

LEMMA 9. Let (aqg) be rational. Then as t and u range over the rational qua-
lernions associated with (@ap), such that Nu=1/Nt, then y =txu ranges over all
the positive rational automorphs of Fo=2x02+) A asXaXs.

Our proof is similar to that of Hurwitz [7, p. 63] for Hamiltonian quater-
nions. First notice that if the lemma holds for 4 =(A4.s), it holds for
B=T'AT, where T is rational and of positive determinant. For then

10 10
) S = [ :I, where S = [ ],
0T 0o 1
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gives a rational transformation of F, into the new norm-form Go=1y,?
+>_Bagyays, and all rational automorphs of G, are given by S~1HS, where H
ranges over all rational automorphs of Fy. Let y=/xu be the equation which,
on equating A-coordinates, expands into the matrix equation y=Hzx, where
' =(¥0, 1, ¥z, ¥3), and so on. Applying the change of basis T, consider the
corresponding equation y =txu in B-quaternions. The 4-coordinates of y and
x are respectively yo and T, xo and T%, that is, Sy and Sx. Hence the result
of equating B-coordinates in y=#xu must be the system of linear equations
Sy=HSx, or y=S"'HSx, which is any desired automorph of G,.

If y; =2 hijx;is a rational automorph of Fy, then multiplying by 1, 41, 45, 3
and adding, we get y = hoxo=+ hix1+ hoxs -+ hsxs, where b= ho;j+ 151+ hajla+hajis
are rational, linearly independent quaternions; and we see that the result of
substituting for y in y§ or ¥o242 A agyays must be xo2+ A 4sxa%xs. The prob-
lem of finding rational automorphs reduces to that of finding rational qua-
ternions k; satisfying

(8) (hoxo+ hix1+ haxo+ haxa) (5oxo+};1x1+ﬁzxz+ﬁaxs) = %024 Z A apx a2,

identically in xo, x1, %2, x3. Comparing coefficients of x¢*> we have hohy=1, and
we can define rational quaternions k, by the equations

9 hy = kiho,  hy = kaho, ks = ksh.

Hence (8) reduces to

(10)  (@ot krotst koxat kaws) (wotRrxa+koxa+ ksxs) = xo2+ D A apZap.

On equating coefficients we see that

(11) kot ka=0,  koka = Aaay  kaksg+ kska = 2405 (o, 8 =1, 2, 3).

We now assume A4 .5=0 if a0, although this may not be strictly necessary.
Then on eliminating the %,, we get

(12) k= — Aaay koks = — kskzy ksky = — klka, kiks = — kaky.
Hence

.k_l—k—2-k_3‘ = 535251 = - k3k2kl = k2k3k1 = = k2klk8 = k1k2k8-

Hence the quaternion k;kqk; is equal to its conjugate, and must be real. Since
N(k1k2k3) "—‘AquzA 33= (011022(133) 2, we can set

(13) kikoks = ca11020033, o= * 1.

Fl‘OlTl (13) fO"OWS k2k3= '—0’auk1, k3k1= —Uazzkz, k1k2= —0’033]23. Hence the
three quaternions ok, oks, ok; satisfy the same multiplication table as the 7,.
Hence we can choose ¢ and ¢ to satisfy (10) of §2. Accordingly, in (8),

(14) y = gqxqg'hy, or y = qig'hy,
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that is, y=txu or y=t¢%u, where ¢ and « are rational quaternions such that
Nt-Nu=1. Continuity considerations show that the determinant is +1 for
the first, —1 for the second of these transformations. Lemma 9 follows.

If ¢t has rational coordinates we can choose a proportionality factor A to
make ¢ integral and primitive. Hence every positive rational automorph of
adj f is given by y=Ixt/Nt with ¢ primitive. We must see whether the various
prime-powers in N¢ can be cancelled to make the coefficients #,¢/Nt,
ot/ Nt, tist/ Nt of the x, have integer coordinates. Similarly, every positive
rational automorph of F is obtained by equating j-coordinates in

(15) vy = txu/m,
where ¢ and # are primitive quaternions, m a nonzero integer, Nt- Nu=m?

LeMMA 10. Let ¢, u denote primitive quaternions, N(tu) =m?. If txu/m is
integral for every imtegral gquaternion x, then: (a) Ni=Nu=+m; (b) u=10,
where 0 is a unit; (c) txt/m is integral for every integral x.

For, in particular, tu =0 (mod m). If $* is a prime-power in m, then N¢- Nu
is divisible precisely by p?. We prove that Nt and Nu are each divisible by p°.
For if not, let Nt be divisible only by p», n<s. Then f#u=0 (mod p*),
u=0 (mod p*~"), contradicting the primitivity of «. Hence Nt=Nu= +m.
Again, tu = +m0, 0 integral. Since N(¢tu) =m?2N0, 0 is a unit. Thus »=76. The
integrality of #x#/m implies that of {x08/m, that is, of txf/m, for every in-
tegral x.

LEMMA 11. Let ¢, u be primitive, Nt=Nu= +m, ml d, adj f be fundamental.
Then txu/m is integral for every integral quaternion x. Also, txt/m is purely-
integral for every purely-integral x.

Let p>2. We can assume that (4) holds as a congruence mod 2", 7 large-
and can use (5) and (6) to see whether the power of p in N¢ cancels. Since
adj f is fundamental, p divides d precisely once and ¢,= —1; we can sup-
pose p||as and (—a1a2| p) = —1. Then if p| Nt (necessarily only once) clearly
wo=us=ty=4=0 (mod p), and every element of (5) and (6) is obviously
divisible by .

Note in advance for Lemma 13, that if p* exceeds the power of p in &
(=4a,a:a3), then by arguments like those following (5) and (6), p* cannot di-
vide every element of (5), or (6), without rendering ¢, or ¢ or %, imprimitive.
This applies equally to the prime 2 in case (4) holds, mod 2.

To facilitate the discussion of the prime 2 we need explicit expansions of
(2) and (3), especially in the case f=jx:®+x1%:+jx2*+Nx3%, j=0 or 1. These
can be used with the elements determined mod 27, when the expression for f
is only a residue mod 2". To derive these expansions we take a;=4j—1, a,=1,
as=N\, and so derive the adjoint form

(16) AGx:? — xaxs + jx2?) + (G — 1/4) %52
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from a.a3x12+asa1x2?+a1a203% by the substitution

. 1+ —1 0 1 1 0
T=—1-j 1 0|, T™=|j—-114; o}
0 0 1 0 0 2

of determinant 1/4. Then we form T—'ET, using E as in (5), and apply T to ¢,
that iS, put to=1to, 1= (1 +j)u1/2 —u2/2, to= (1 —j)u1/2 +u2/2, ts =u3/2. Fi-
nally, we replace %o by #uo+u3/2, so that the u; will be j-coordinates and
integrality most easily discussed. If j=0, the result for the positive auto-
morphs of adj f is
1 'llo2 - >\u12 U1
an v Aua® (%0 + u3)* — us(uo + us) |,
2)\%0“2 - 2)\%1(140 -l— ua) u02 + UoUs + )\uluz

where Nu =uo2+uous—Muue (the Brandt-norm); and if j=1 the result is the
quotient by Nu (=uo®+uous+us®+N(w1® — urus+u2?)) of

u?—udHNuld—u?) 2uoustud+M e —ur®) Uuoter+2urm3— 2uots— thatés
(1 8) I: —2uous—ust+AQuia—u?)  2uerstuot—Nut—us?) 2uomr~+urus— uous+ustis ]
2N (mosa+u14s) — 2N (ot wrus—saus)  wo*+sous+us —N(u —ursatus?)

Now (6) is obtained from y=txu, for the f in (4), by equating 4-coordi-
nates. To get the result of equating j-coordinates in ¥+ juYe = (fo+2_jate)
c o+ jaka) (oD jatha), We Write it as yo+3/2+D taYa= (to+1s/2+D iata)
-(xo+xa/2+2'iaxa)(uo+u3/2+Ziaua), and apply the transformation T as
-above, using (6).

Using the abbreviations

(19 P1 = bous -+ tsus, Q1 = tauz — U, 711 = bour + Lo, $1 = bous — titko

where subscripts 1, 2, 3 are to be permuted cyclically, and also p = tiu;+tLus.
and ¢ =#Hu,—tus, we thus find for the automorphs of F=x,2+xoxs~+jxs?
4N (jx:2 — 2122 +j%22) = Nx the expression (h:;/Nt), where

koo = toto + Maur — j(bsus+Np), hor = Ntauo — jr1 + jqu),

hoz = Nbothr — jra + 7 q2), hos = Moy — j(rs + tsus + Ap—Ags);

hio = 11+ tsur + jqu, b1 = towo + tsug + j(tsus — Aa),

hia = Maua + 5(ss — Nps), his = tous + tsus — j(s2 4 p2 — q1);
(20) koo = r2 + tous + jqo, hor = Nous — j(s3s + Aps),

has = boto + bots + j(bsus + No),  haz = tauo + taus + j(s1+ g2 — p1);

hso = 13 + tsus + Ags, hs1 = N(sz -+ tsuz — jpa),

hss = — N(s1 — twus + ),
ks = towo + 73 + taus — Maur + j(No — tsus).
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These have been checked carefully. As a final check note that (20) can be re-
duced to (17) and (18) by setting t=4, that is ty+143/2 =uo+us/2, i = —u,,
= —u,, t3= —uz, hence to =uo+us; the first element in the last three rows of
(hi;) then becomes zero, and the other elements become those of (17), (18);
also, adding half the last row to the first gives yo+vs/2 = Nu(xo+x3/2).

In (18), and in (20) with j=1, 2|Nu implies that #, and 3 are even, and
since \ is even when j =1, it is seen that all elements of (18) and (20) are even,
so that fx#/2 is purely integral, and #x%/2 is integral. This completes the proof
of Lemma 11.

In anticipation of Lemma 13, note that if 2° exceeds the power of 2 in d
(=(4j—1)N\), then in (17), 2¢ cannot divide the four leading elements without
rendering every #; divisible by 2; and in (18), 2* cannot divide both Nu and
the last element, without 2 dividing both #e2+ueus+u432 and %2 — ujus+u.?,
whence 2| %.

Again, consider (20) with j equal to zero. For any integer A, it is easily
verified that if 2¢ exceeds the power of 2 in \, and 2¢ divides all 16 elements
of (20), then every #;u; is even, so that ¢ or  is imprimitive. A good scheme is
to construct a 4-by-4 square, and check off each product fu; as even, as it
appears.

The proof of Theorems 4 and 5 is now complete, at least in the fundamen-
tal case, when we observe (Lemma 5) that if j=1, 4 cannot divide Nt if ¢ is
primitive.

We now need more complete information on the possible form-residues:

LeMMA 12. Any integral ternary form f can be carried by a unimodular
transformation into a form with the following residue mod 27, r large: either
(i) as in (4) with integers @, or (ii) as 2°(jx 2+ x1x2+jx22+Nx3s?), or (iii) as
28+2(jx 2+ x1xe -+ jx02) +asxs® Here j=0o0r 1;8 and 6 denole non-negative integers,
\ and as integers. In (ii) if j=1, N 1s even. In (iii), the power of 2 in a; does not
exceed 2°.

Forming determinants we see that the connection with d is as follows:
(1) d=4a,0:0; (mod 27); (ii) d= (47 —1)2%)\; (iii) d= (45 —1)22+4g; (mod 27).

In view of Lemma 10, we can complete the proof of Theorem 5, by proving
the following lemma, thus avoiding further complicated fourth order matrices:

LEMMA 13. Let t be a primitive quaternion of norm m. If either (a) ixt/m is
purely-integral for every purely-integral x, or if (b) Ixt/m is integral for every
integral pure x, then m|d.

The significance of (a) and (b) may be seen as follows. Set y =fx¢, where
x and y are pure. Equating coordinates, we have, say,

Va = ta121 + ta2X2 + tazxs (a = 1» 21 3)'

where £,1, l.2, l.3 are the elements of the ath row of the matrices in, for ex-
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ample, (5), (17), or (18). The column g, t;, 3 gives the coordinates of Zist.
Now, (a) means that the y, are integers divisible by m for all choices of in-
tegers x,; that is, m|t.s (a, =1, 2, 3). But, in case adj f is given by (16),
whence ¢, =€, =0, ¢s=1, then (b) means that for any integers x;, x5, and even
integer xs, y1/m, y:/m are integers and ys/m an even integer; that is, m| tu, b,
tar, boo, 2tis, 2t03, t51/2, ts2/2, and fgs.

Only the power of 2 in m, in the nonfundamental cases, remains to
be considered. Consider first (ii) with j=0 and & positive. The form
adj f=2%(—Nx1xs —x52/4) is derived from —N\xyx,—x3%/4 by the substitution
%a=2%,; notethat in T7ET, T is 28I, T-'is 28I, and T—*ET = E. Referring
to (17), and replacing %o by uo—wus/2 (cf. last step in getting (17)) before re-
placing #. by 2%4., we see that the automorph is now E;/Nu, where the first
four elements of E; are (#o—25"1uz)?, —N2%u;2, —N2%u,2, (uo+25"1u;)?; and
Nu is uo2—2%" 22— 22 u u,. Clearly, if 2¢ divides these five numbers, but
not d, every #; is even.

Similarly in (ii) with j equal to 1, if >0, 2* cannot divide Nu=u,?
4322824524 29N\ (4,2 — uu2 +u2?) and the last diagonal element uo2+ 3 - 226—2y,?
— 22\ (w32 — tyt4s+u2?), without rendering % imprimitive.

Finally, in (iii), adjf=22%+4(j—1/4)xs?+28+2a5(jx,? — %122+ jx2%), and
is derived from (16) by taking A\ =2f+2a3 and replacing x3 by 2f+%c;. The third
row of (17) or (18) is therefore to be multiplied by 2=#-2, and then the third
column by 28+2, u,—u3/2 is to be substituted for %o, and then u; is to be re-
placed by 28+2u;. The new Nuis uo®+ (45 — 1) 228+ 2us? + 28+ 23 (jus* — uatda + jus?).
Now 2¢ exceeds the power of 2 in 2%/+4g;. Hence if j=0, 2¢ cannot divide the
first four elements (wo— 28+1ug)?, —28+2a5u,2, —2f+2a4u,2, and (uo+28+1u3)2,
without 2 dividing #. Finally, if j=1, and 2° divides Nu and the last di-
agonal element wuo?+43-2%2f+2us?— 28+2g5(u,® —uius+u,%), then we see that
2ﬁ+2] w12 —wus+us2 and that uo=28+1y,, 2’”3—2‘9[ vo2+3us2. If a3 is even,
s=28-+6; and if a; and B are odd, 2”*5[ 28+203 (1,2 — uyus +u22) ; in these cases
8]v02+3u32, whence u3 is even. But if a; is odd and 8 is even, and s=283+35,
then putting wu;=28/2t1y;, up =262y, uo=28+1y,, we find for the first two
diagonal elements the expressions 226+2[(voF us)?—4us? +4as(v:?—v?)|. The
bracketed expression in both cases must be divisible by 8. If u; could be odd,
then vo— 3 and vo+u3 would both be congruent to 2, or both to 0, mod 4:
Neither case is possible, and u; must be even. This completes the proof of
Theorem 3.

THEOREM 6. Let adj f be fundamental, that is, let d be squarefree and c, be
—1 for each prime p in d. Then: (i) if m] d, all solutions t of Nt =m are obtained
from any one solution by multiplying it on one side (whichever we please) by
all the units; (ii) if Nt=m1 and Nu=ms, where mi|d and m|d, then tu is di-
visible by the g.c.d. ms of my and ms, and N(tu/ms) =mims/ms?; (iii) the number
of divisors m of d, for which there exist qualernions of norm m, is a power of 2,
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say 2*; (iv) if the number w of units is finite, then adj f has 2w positive, in-
tegral automorphs, and F has 2%~w? positive, integral automorphs.

Proof. (i) By Lemma 10, # =16, where % and ¢ are any two quaternions of
norm m. (ii) We can suppose f=a1x,2+a:x:2+ pasxs? mod p2, for any odd p in
d, where (—a1a2|p)= —1 and pfas; and that if d=2 mod 4, f=x2+x1x;
+2x52+2uxs? mod 8, u odd. Hence if Nt=0 mod p, ty=£3=0 mod p. Suppose
Nt=Nu=0 (mod p) If p>0, then tu= ('i111+i.2t2) ('ilul-l"izuz) =0 (mod p),
since #12=12=4152=12:=0 mod p. If p =2, the same result is easily verified;
for example, by (1) of §1,

(tu)o + (t1)3/2 = to'us’ — 2ubius — u(trus + taur) — 2ubaus — 3tzus/4
+ (t'us + ts'uo + 2u(tius — tou1))/2
= loUo + tous + tsuy — Zu(tlul + tzuz) =0 (mod 2),
t'uy + 8'uo + 1(baus — tsus) + (L4 — tyus)/2
= tolUy + tiuo + t3uy + toUy — l3Ugs = 0 (mod 2),

(¢u)1

and so on. It follows that if Nt=m,, and Nu =ms,, then tu has m; as divisor.
Since d is squarefree, tu/ms can have no further rational integer divisor, and
(ii) follows. (iii) is an easy consequence of (ii), and (iv) now follows from
Theorem 4.

At this point we draw attention to Theorem 8, which can also be verified
(though less simply) by the preceding methods. Indeed, one finds, whether
adj f is fundamental or not, that #xu/m is integral for all integral x if and
only if txf/m is purely-integral for all purely-integral x.

8. The connection between f and F. We now proceed more easily:

THEOREM 7. If F = (xo + 27D eux.)? + adj f is carried into G
= (xo+2"1)_n.xa)?+adj g by an integral transformation, then adj f is car-
ried into adj g by an integral transformation. In particular, if F~G, then
adj f~adj g, whence f~ L g.

For, if A and B denote the matrices of adj f and adj g, then 4, and B,
are integral matrices, where A =4 +e¢€’/4, Bi=B+71’/4. Any integral trans-
formation of F into G is expressible in the form

) [to ‘r':l [1 e'/2:| [io a":l [1 17'/2]

o T'lLe/2 4, ILr T 7/2 B 1
where ¢’ = (51, 52, 53), 7' = (41, &, t3), and T are integral matrices. The expan-
sion of (1) gives the following three equations:

2) (b + 7'¢/2)2 + 7'Ar = 1,
3) (to + 7'¢/2)(¢’ + €T/2) + AT = 7'/2,
4) (¢ + T'¢/2)(¢' + €T/2) + T'AT = B + ' /4,
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the transpose of (3) being (c+T"¢/2)(to+€'7/2)+T'Ar=1/2.

Hence if t=to+2j.,t,,, Nt=1 (in the set of quaternions related to F) and
the coordinates of ¢ form the first column of the transformation replacing F
by G. Now y=tx (where y=90+2 _ja¥a) £ =%0+2 _jaXa) is evidently an auto-
morphic transformation of F, since Nt=1 and Ny= Nx; and the first column,
giving the coefficients of xo, also consists of the coordinates of f. The inverse
of this transformation multiplied by the transformation applied to F in (1)
produces another transformation replacing F by G, which has =1, and
ty=1t=1t3=0. Supposing this to be the transformation employed at the start,
we find that (3) and (4) imply ¢’+¢€'T/2=17'/2,04+T'¢/2=19/2,

(5) T'AT = B.

Thus T is a transformation replacing adj f by adj g, and the theorem follows.

Suppose now that F=G, so that (1) defines an automorph of F. The pre-
ceding process associates with every integral automorph of F a uniquely de-
termined integral automorph of adj f, satisfying, that is,

(6) T'AT = A4,

and a uniquely determined quaternion ¢ of norm 1. Conversely, if T is any
integral solution of (6), the matrix

™

is an integral automorph of F. For if we put f,=1, 7=0, we see that equa-
tions (2)—(4) are satisfied with o= (I—T")e/2. Also, o is integral, since by
(1) of §3, 44A=¢ce’ mod 2, T'(4A)T =44, T'ee'T=ee’; hence if T'e=¢,
t2=¢® (@=1, 2, 3), or e=T"'e mod 2. Finally, if ¢ is any unit quaternion,
the automorph y=fx multiplied by that in (7) produces any desired integral
automorph of F. We have thus proved the following theorem.

THEOREM 8. The number of integral automorphs of F is equal to the number,
of integral automorphs of f multiplied by the number of units.

In particular, if the only units are +1, every integral automorph of F
is given by. (7) or its negative, where T ranges over the integral automorphs
of adj f. This case occurs when f is definite and the minimum of adj f ex-
ceeds 1.

The definite forms f for which adj f has minimum 3/4 or 1 will be deter-
mined in the next section. At the same time, for later use, we shall isolate
also the forms for which adj f has minimum 7/4 or 2.

THEOREM 9. Every form G of mintmum 1 in the genus of a norm-form F is
equivalent to a norm-form belonging to a ternary g in the genus of xf.

For G is equivalent to a form (X042 7a%a)2~4_ BasXaXs, where the 74
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are 0 or 1, and B-}7n’/4 is an integral matrix. Comparison of determinants
gives | B| =|4]. Since F and G are in the same genus, (1) holds with #, ¢, 7,
and T having rational elements with denominators prime to 2d. Now y=ix
determines a rational transformation of denominators prime to 2d, with ¢ in
the first column. Proceeding as before, we get (5) with T rational and of
denominator prime to 2d. Hence 44 and 4B are in the same genus, and the
theorem follows.

9. The positive, integral forms f such that adj f has minimum not greater
than 2.

(i) First suppose that ¢’Af represents 3/4. By a unimodular transforma-
tion we can take A3 =3/4. Hence anux:?+2a1021%2+ a2 becomes an integral
positive binary form of determinant 3/4. All such forms are equivalent to
x12+x1x2-+x22, and we can therefore assume a;=2¢;2=a2x=1. Next by a
translation on x3 in adj f, we can obtain |2A13| <3/4, |2A2.~,| =<3/4. Hence
Ap=01/4, Apz=03/4, where a1=0 or *+1, ap=0 or +1. The matrices of f
and adj f now have the following appearance:

1 12 . 1 441 4412 o
(1) 1/2 1 A —4— 4A 21 4A 22 a2
ay (+3} 3 ’

Let d=4|a.,p|. Then adj adj f=df/4, and in particular,
(2) 4d = 12A11 -_ a12, Zd = aig — 12A12, 4d = 12A22 - a22.

Hence a’=a,?=—2ma, mod 3, and we can suppose either a;=0az=0, or
ay=o0p=—1 (the signs of both &y and «a; can evidently be changed without
affecting (1,)). In these two cases, d=3k—1 or 3k, where % is a positive in-
teger, and adj f has the respective matrices

1 4k—1 1—-2F —1 . 4k — 2k 0
(€)) y 1—-2k 4k—1 —1| 7 — 2k 4k (U H
-1 -1 3 0 0 3

the corresponding forms f are as follows:
“) %1% + 2% + kas? 4+ 2120 + 2125 + xoxs, %12 + 2125 + 292 4 kgt

(ii) Suppose that adj f has minimum 1. We can take Ag=1. Hence
1212+ 2¢ 19%1%2 +a20%2* can be taken to be x,2+x.% By a translation we get
|241s] =1, | 245 1. Hence Ais=01/4, Asn=03/4, where ay, a;=0, +1, or
£ 2. Since the coefficient of x;x. in f is 0, the negative a; can be dropped. We
have (1) with 0 in place of each 1/2 in the upper left, and 4 in place of the
3 on the lower right. Hence

4d = 16A11 - alz, 4d = 16A32 bt a22, 0= aj0g — 16A13;
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a’=m?’=oa=0 (mod 4). We can set o;=28;, where 8;=0 or 1. Then
Au=(@+pBi*)/4, An=(2+B*) /4, A12=P15:/4, and
F=(%0+ 273 eaxa)? + (@ + Bi)a:%/4 + (d + Ba?) 204
+ x5 + Bix1xs + Baxaxs + BrB2x1x2/2.

Since F must have integral coefficients, es=0, ;24818 is even and €2+ p;?
=¢%+B:%2 mod 4. This implies that ¢ =0;, e2=01, and d= —€;2— €? mod 4.
The forms f obtained from (e, €)= (0, 1) and (1, 0) are equivalent. There re-
main three forms f:

(6) %12+ %2 4 kxs® — x5 — x3%1, 1%+ x2? — 2105 + kas?, %1% + %2 + ksl

©)

and d is respectively 4k —2, 4k —1, and 4k. We can suppose k=1 in connec-
tion with (63), k=2 in (6;) and (6.). For, if =1 in (6,) or (6:), adj f represents
-3/4, and it is seen that f is equivalent respectively to the case k=1 of (4;)
and (4,).

(iii) Let adj f have minimum 7/4. As before we readily obtain:

1 1/2 - 1 4411 4412 a
1/2 2 b Z 4A 21 4A 29 az |,
(23] a2 7

where a1, a;=0, +1, +2, +3; 44u=(u>+8d)/7, 44n=(x?+4d)/7,
4A12=(a1a2—2d)/7; —4a1a25a12520122 (mod 7), (oq, az) = (0, 0) and d= 7k,
(a1, ae)=(1, —=2) and d=7k—1, (o, a)=(—2, —3) and d=T7k—4, or
(a1, o) =(—3, —1) and d =7k —2. Hence we have four forms, with d respec-
tively 7k —4, 7k—2, Tk—1, and 7k, and each demanding £=2:

212 4 2252 + kxs? + 2120 + x21%3 + 2203,
) 212 4+ 2%% 4+ kas® + x925 + x3%1 + X1%,
%12 + 2x2% + ks + x1%2 + %oxs, %1% + 2% 4+ kas® + x1%,.

(iv) Let adj f have the minimum 2. Then we have

1 0 - 1 4411 441, a
0o 2 - 7 442 442 az |;
aj a2 8

oy, az=0, 1, 2, 3, or 4; 44,1, =(c1?+8d)/8, 442 = (a:?+4d)/8, cioe=32A1;
0[1=4ﬂ1, a2=262, 61=0 or 1, Bz"—"o, 1, or 2; 63=0,

(%0 + e1x1/2 + €2%2/2)2 + (2612 + d)x:12/4 + (B2 + d)x,%/8
+ 2x5% + BiBax122/2 + 2612143 + B2x2%s
is integral, d= —&.2— 2612 mod 4, d= —f:2—26? mod 8, e;e2-+-B183; is even. We

(8)
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thus have six cases: (a) d=8k—6, =0, e2=1, B1=1, B:=2; (b) d=8k—4,
a==0=0, f=2; (c) d=8k—3, a=e=5=P=1; (d) d=8k—2, =0,
e=1=0, B:=0; (e) d=8k—1, e=1, &=0=84, B.=1; (f) d=8k, ee=€:=0
=f,=0. The corresponding forms f are respectively:

212422224 kas? — 1203 — 2x0x3 (B2 3), %124 2%22+ kxs?— 22075 (B2 2),
(9) 21242092+ ks — 2123 — Xo%3 (k§3), 212422024 kxs®— 2123 (k§3),
212422924 k32— xox3 (B2 2), 2124222+ kxs? (B2 2).

10. Problem; to find all the fundamental definite norm-forms F for which
factorization, as of Theorem 3, is always possible. The genus of a fundamental
norm-form represents all positive integers. Hence F must represent 2, and so
must belong to one of the forms in (4), (6), (7), and (9) of §9. We number these
in order, 1° to 15°. Note also that d must be squarefree (excluding 5°, 11°,
and 15°), and ¢, is —1 for each p in d. Since f is definite this implies that d
contains an odd number of primes.

1°. Then F= (xo+x1/2+x2/2+x3/2)2+¢/4, where

¢ = 3x32+ (4 — )22 + (4k — Dxy?2 — (4k — 2) 2122 — 22103 — 2%5%3.

Since ¢ is Eisenstein-reduced if =1, the least number primitively repre-
sented by ¢ with (x3, x2) 5 (0, 0) is 4k —1. Since F(xo, 0, 0, x3) =x2+x0x3+x352
2, F does not represent 2 if k= 3.

There remain the cases k=1 and 2, that is, d=2 and 5, when F is indeed
fundamental and in a genus of one class (Theorem 10).

2°. F=xo®txoxst+xa2+k(x:12+xix2+2,2), and F=2 if k=3. If k=2,d=6
and contains two primes. There remains k=1, or d=3 (Theorem 10).

3°. F= (xo+x1/2 +x2/2)2+¢/4, ¢ =4x;2+ (4k — 1)x22+ (4k - 1)x12+2x1x;
+4x1x3+4x0x5. Hence if k=4, F#3. Since ¢,=(2—4k, —1),, ca=(—1)¥; and
if k=3, ¢cs=1. Hence no fundamental F remains, as £ =2.

4°. F=xo*+xox2+ kx4 252+ x3x1+ k2. If k=4, F53. If k=3, we might
point to the fact that f= (1,1, 3,0, —1/2, 0) is not alone in its genus, being ac-
companied by g=(1, 1, 4, 1/2, 1/2, 1/2). (For further information on f, see
[8, p. 173].) Hence G = (x0 + 271D _%xa)? + (15x,%2 4 15x,2 + 3x32 — 14wixs
— 2xyx3 — 2x2x3) /4 is in the same genus as F; and since G2, G and F are
inequivalent. However, although this proves that F is not in a genus of one
class, it does not prove (since G represents 1) that factorization, as of Theo-
rem 3, may fail. For this reason, we point to the following third form in the
genus, of minimum 2:

2202 4 2212 4 2x9% + 2x32 + x0x1 — XoxXs + 2x0%3 — 2X1%3 — X9X3
= 2(x0 + x1/4 — x2/4 + x3/2)?
+ (121332 + 15x22 - 15x12 bl 14x1x2 - 4x1x3 - 4x2x3)/8,

whence indeed factorization must sometimes fail.
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There remains the case k=2, d="7T (Theorem 10).

6°. F = (x0 + x2/2 + x3/2) + /4, ¢ = Txs? + (4 — 1)x,2 + (8% — 4)x,?
— (4k — 4)x1x2 — 42163 — 6x2x3. Hence as F(xo, 0, 0, x3) =x02+xoxs+2x32#3, F
does not represent 3 if (48 —1)/4>3, or k=4. If k=2, d=10. Finally, if k=3,
whence d=17, then besides another norm-form in the genus corresponding
tog=(1,1,6,1/2,1/2,1/2), there is the following form of minimum 2 in the
genus of F:

2(xo+ 21/4 — x2/4+ %3/2)2+ (23212 + 23 %92+ 12%32 — 4x9%3 — 42123 — 22%1%3) /8

= 2x02 + 3212 + 3222 + 2232 + xox1 — Xo%X2 + 2%0%3 — 3%1%2 — X2%3.

7°. F= (xo+x1/2 +x2/2 +x3/2)’+¢/4, b= (Sk - 1)x1’+ (4k - 1)x22+ 7x3’
— 2k —1)x100—3x1x3—x0x3. If k=2, d=12. If k=4, F#3. If k=3, the genus
of F contains the following form of minimum 2:

2(x0 + %1/4 — 22/2)2 + (232:2 + 20x5% + 16232 + 42102 + 1621%3 + 822%3)/8
= 2202 + 3x12 + 2x2% + 2232 + xo%1 — 2%0%2 + 2241%5 + Xaxa.

80. F= (xo+x1/2 +x3/2)2+¢/4, 4) = (8k—1)x12+4kx22+ 7x3’+4kx1xz+2x1x;
+4x.x3. Hence if k=4, F##3. If k=3, d=20.

If k=2,d=13, and F is in a genus of one class (Theorem 10).

9°, F=uxo2+x0x3+ 2232+ k(22,2 + 2122+ x2%). Hence if k=4, F=3. If k=2
or 3,d=14 or 21, and F is not fundamental.

10°. F= (xo+x2/2)2+¢/4, = (8k—4)x12+(4k— 1)x22+8x32+4‘x1x2+8x1x3
-+ 8x,%3. Since d=8k—6, c;=1if kiseven. If k=3 or 5,d=18 or 34. If k27,
F(xo, 0, 0, x3) =x02+2x325%5, and (4k—1)/4>5; F=35.

12°. F=(xo4x1/2+%2/2)24+¢/4, ¢=(8%—1)x12+ (4k —1)x:2 -} 8232+ 2x1x,
+8x1x344x0xs. If =6, F%5. If k=3, d=21. But if k=4 or 5, d=29 or 37,
we have again to construct forms of minimum 2 in the genus of F:

2(%o + x2/4 — x3/4)2 4 (322412 + 31252 + 15232 + 16x1%2 + 8x1%3 + 222%35)/8
= 22 + 421 + 4x® + 2x3% + xox2 — Xo%s + 24122 + X1%3;
2(xo+ %1/4+ x2/4 — 23/4)2+ (392124 31252 + 23 %32 — 10,82 — 6x123 — 22%223) /8
= 2x92 -+ 52,2 + 4222 + 3232 + xo%1 + XoX2 — XoXz — X1Xz — X1%3 — 3X2%3.

13°. F=x¢2+xoxe+ kxo?+2(xs2+ 232, + kx12). Here ¢z is 1 unless k& is odd.
Ifk=30rS5,d=220r38. If k=7, F55.

14°, F=xo2+x01+2k%: 2+ bxo? -+ x0xc5+2x32. If k=2 or 5, cs=1. If k=6,
F#5.Butif k=3 or4,d =23 or 31, we need the following forms of minimum 2
in the genus of F:

2%02 + xox1 + kx1? + 2297 + x225 + kxs?
Summing up, we can state the following theorem:

THEOREM 10. The only fundamental definite norm-forms in whose (maximal)
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quaternion arithmetics factorization is always possible are the following:

Fa= x®+ 2,2+ %2+ x5+ %021+ Xoxa+ %03, where d=2;

Fy= 2o+ o3+ 2%+ 2124 21224 2%, d=3;

(1) Fs=x0®+ 2.2+ 2222+ 22324 2021+ KoX2+ Xo%s— %12, d=3;
Fy= 20>+ 2025+ 2%+ 232+ 2321+ 2012, a=T7;

Fi3= 2?44 2,24 220524 225 o201+ 2023+ 221 X2+ 2105+ X223, d=13.

To complete the proof we must show that each of these five forms is in a
genus of one class. This can be done by means of formulae for the weight of a
genus, making use of the number of automorphs. (See references to Smith in
§813 and 14.) This is possible since, the determinant being a square, the
weight of the quaternary genus can be expressed in a finite form. And indeed
this method was used by the author in 1941, but not published, to obtain
37 norm-forms in genera of one e¢lass, two of the forms in Theorem 11 being
overlooked. This was not as good a result as we have now, since it left open
the possibility of a genus containing several classes, which all have mini-
mum 1.

A result of Korkine and Zolotareff [9] shows that a*<48, where a is the
minimum and § is the determinant of a definite quaternary form G. In the
present case 6 =d?/16. Hence a =1 for the generd of F,, F3, Fs, and Fy; but a
is 1 or 2, for the genus of Fij;. Now the ternaries f corresponding to the five
F; are easily seen to be in genera of one class. It rema’ns only to shcw that
there is no form of minimum 2 in the genus of Fy;.

If the minimum is 2 we can take G =2x¢2+xo(a1x1+axxe+asxs)+ - - - . If
all the a, could be even, the determinant of-G would be either half or quarter
of an integer; but the determinant is 169/16. Hence we can suppose,that the
g.c.d. of the a, is 1, and can replace (through the inverse of a unimodular
transformation) )_a.%. by x1. We thus obtain

G = 2% + xox1 + -+ ¢ = 2(xo + x1/4)% + ¢(x1, %2, 23)/8,

whence ¢ =7x,2 (mod 8). Indeed, ¢ is equivalent to a form congruent mod 2*
to 79124 8y4ys, since 1=det(2G)=(—1)(—1) mod 8. Also, the form-residue
mod 137 of Fshows that ¢ ~vz;2+413(232+v232) mod 137, where v is a quadratic
non-residue mod 13. Since det ¢ =522, we have adj ¢ =52y, where ¢ is an im-
properly primitive form of determinant 52, and adj Y =¢. The minimum ¢ of
Y satisfies a®<104, a=2 or 4. If a =2, then 3a%/4=C=<(416/3)Y2, 3<C=<11;
since C must be represented by ¢, C may be 7 or 8 (which agree with the
form-residues of ¢ above). But if ¢ represents 7 (necessarily with x; odd),
G=2(xo+x1/4)2+¢/8 evidently represents 1; if ¢ represents 8, 4|x,, and G
again represents 1. If =4, 12=<C=(832/3)12<17. The only C consistent
with the form-residues of ¢ is C=15. But ¢(0, %2, x3) = Bxy2+ 2 Rxsx3+ Cxs?,
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where BC—R?=4.52; and this is impossible since (—208|3)= —1. Hence
there is no form in the genus of minimum 2. The reader will discern here the
essentials of the method used to get forms of minimum 2 in §10.

11. Diagonal forms for the arithmetics of F,, - - -, Fi3. We saw in §1 that
the system of integral quaternions related to F, can be carried by the trans-
formation (5) of §1 into the system Z,:

(1) (9o + 2ay1 + 232 + 43y3)/2, Yo = y1 = y2 = y3 (mod 2),

the y; integers, the ¢, pertaining to (1, 1, 1).

Clearly, any system of integral quaternions can be transformed into in-
finitely many such diagonal systems. It is only necessary to transform the
norm-form into a form Y2+asa3Y12+asa; Y22+ 010, Y32, where the Y; are linear
expressions with rational coefficients in the x;, and to work out the conditions
of integrality.

For example, consider Fs. Since adj f has ¢s= —1, and ¢, is +1 for all other
p, we seek a form (as03, @301, a1a2) of a small determinant, with the same
property, so that it shall be rationally equivalent to adj f. We easily find
(5, 10, 2). Now 4 adj f=T7x12+ Txs%+3x3% — 621200 — 2x1%3 — 2x9%3, and has de-
terminant 100, and cannot be expressed as 5( )2+10( )2+2( )2, where the
indicated linear forms are to have integer coefficients. We therefore take the
next best, 16 adj f, and find the expression

5(—' 2xz)2 + 10(x1 - 2’(?3)2 + 2(3x1 — 2%, + xz)’.
We therefore obtain a norm-form (y,/2)245(y1/2)2+10(y2/4)2+2(y3/4)%, by
(2) yo=12%+ %1+ %2+ %3, 1= — Xa, Y2 = %1 — X3, Y3 = 321 — 2% + %a.

The y; are then integers with the x;, but the integrity of the x; requires
y2+ys=2y; (mod 4), yo+y1=9y2 (mod 2). Hence the system of integral qua-
ternions associated with Fg becomes transformed into Zj:

(2y0 + 23181 + yaia + ysis)/4,
Yo+ y1= 2 (mod 2), y2+ ys = 2y (mod 4),

the y; integers, the 7, pertaining to f=(2, 1, 5). That is, for the last, 7,2= —35,
132 = —10, 43> = —2, 4183 = — 147, = 573, and so on.
In a similar way, using the respective transformations

3)

(4) yo = 220+ %1, y1 = %1, Y2 = %2, ¥3 = %3 + 2x;, for F3 and Fy,

(S) yo=2w+ 1+ x5, y1=+ %1, y2 = — %3, y3 = 2x1 + 422 + %3, for Fy,
we find for F;, Fq, and Fys the arithmetics =3, 27, and Zys:
(6) (yo + 411 + 4292 + 43y3)/2, Yo = y1, ¥2 = ys (mod 2),

the y; integers, the 7, pertaining to f=(1, 1, 3) for Z;, to (1, 1, 7) for Zs;
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(250 + 29191 + y2i2 + ¥sis)/4,
Yo+ y1 = y; (mod 2), y2 + ys = 2y; (mod 4),

the i, pertaining to f=(2, 1, 13) for 2.

The author wishes here to acknowledge the valuable assistance of Miss
C. S. Williams, who checked most of the computations in this and the follow-
ing sections.

The preceding diagonal forms will simplify the work of deriving the non-
maximal systems in which, subject to (1) of §5, factorization is always pos-
sible.

12. Integral transformations, especially of norm-forms into norm-forms.
Two integral matrices T3, T are called right-equivalent if there exists a uni-
modular matrix U such that Ty=T,U. H. J. S. Smith [13, vol. I, p. 389] has
shown that any integral matrix of order r and determinant # (>0) is right-
equivalent to a unique matrix

O

ny MNiz- - Ny
0 Ny * ** Moy

¢)) , n=1n1- fy 0= 05 < nm.
0 0 ---mn,

Hermite was the first to give a general enunciation of this [6(b), p. 192].
Hence, if 7 is a prime p, an integral matrix of order 3 is right-equivalent to
one and only one of the p?+p-+1 prime matrices

b a B 100 100
(2) 010) |opal |01 0] aB=0,1,--+,p—1.
00 1 00 1 00 p

We shall now prove the following lemma.

LEMMA 14. Let T be an integral matrix of determinant n. Then for every ex-

pression n=p1ps - - - p, as a product of primes in some order, we can find prime
matrices Py, - - -, P, such as in (2) and of respective determinants py, - - - , pa,
and a unimodular maitrix U, such that

3) T = P,P;--- P,U.

It is easily seen that T can be expressed in this form with the primes p;
in some particular order. For example,

1 00 1 00 1 00
0 pma |=|0 n 0 » 0},
0 0 m 0 0 m 0 0 1
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and unit factors can eventually be moved to the extreme right, by Smith’s
result. It remains only to show that if P and Q are of determinants p and g,
where p and ¢ are distinct primes, then PQ=Q,P:U;. We can suppose P and
Q to be of the types in (2); hence PQ is of one of the forms

Pq @ P « P « q «
01 0| 0 ¢ v 01 0], 0 9 v}
0 0 1 0 0 1 0 0 ¢ 0 01
and so on. In the first three cases the diagonal matrix { », 1,1 } can obviously

be factored out to the right. In the fourth case,

7 « 1 n, 0 g 0 B — nyy 1 n O
0 p v|=]01 0§10 % 40 1 0],
0 0 1 0 0 1 00 1 0 0 1

where 7, and n, are integers such that a =n,p+mg. Clearly, {1, p, 1} can be
factored out at the right of the middle matrix.

We consider now the conditions under which a norm-form G is derivable
from a norm-form F by applying an integral transformation T of determinant
n to the variables x,, that is, to adj f, and then a translation on x, (to make the
coefficients of x¢x. be 0 or 1. If 4 =(4.5)=2adj(aas), where (a.s) is semi-
integral, the matrix T’AT will not, in general (if n>1), be the adjoint of a
semi-integral matrix (b.s). If T'AT is the adjoint of some semi-integral
matrix, we shall call T a sustable transformation for 4. ‘

If T is suitable, and T'AT =adj(b.s), then comparing determinants we
get n?A?= | bas| 2, and we can choose the sign of (b.s) to get Ibaﬁl =nA. Hence
if U is the matrix of cofactors of T, whence U'T=TU’'=UT’'=nl, then

(4) U'(aag) U = n(bap).

Conversely, (4) implies T/A T =adj(b.s). Hence: a necessary and sufficient con-
dition that T be suitable for A is that U’ (a.p) U be “divisible by n,” the quotient
to be semi-integral.

If n=p*m, where p is a prime not dividing m, and if T is suitable, then T}
must be suitable, if we factor T as 1,73, ] Tll =p, ITzl =m, T; and T, in-
tegral. For if (in obvious notations)

U'Uy(aap) UrU2 = p*m(bag),
where (b.g) is semi-integral, then multiplying by T; and T3’, we get
Uy (aap) Ur = p*(T2(bap) To' /m).

Since the leftside is semi-integral, the right side must be likewise, and since
m is prime to p, T2(bas) T2’ must be “divisible by m.”
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LemMa 15. If |T| =p* (s21), and if T is suitable for A, then T has a
left-divisor of determinant p which is suitable for A, except that (i) if d is
prime to p, and (ii) if f~a1%12+asx:2+asxs? (mod pr), where p>2, plas, and
(—alazlp)= —1, or if f~x 2+ x1x2+ %22+ Kkx3? (mod 27), where p=2 and k is
even, then T may mot have a suitable left-divisor of determinant p, but if so
will have one of determinant p2.

Using Hermite's result we can suppose that

2000 S
(5) T={0 p » O=hp<ph0=r<p,
o o ) ptot+r=sp0r120

We shall actually prove a little more in case (ii), namely that if we take the ~
as being = (as we can, by a unimodular transformation), then any matrix
which has no suitable left-divisor of determinant p will be right-equivalent to
a matrix (5) where p>0, 6>0, 7=0, A=0 mod p, and then

p 0 u
(6) P uv' =10 9 v
0 0 1

is a left-divisor of T, and is suitable for 4.
If f has the form ayx;2+4asx2?—+a3x32 mod p7, then the three diagonal ele-
ments of U’(a.s) U, and the doubles of the three non-diagonal elements, are:

(7) p2p+2¢as’ P2p+21’a2 _I_ pzp,,zas’ p2¢+2fal + sz)\zaz + ()‘1, — ?a#)2a3;
(8 — 2p*topas, 2prto(Ay — poudas, — 2prtihay — 2pPv(Av — pou)as.

The condition for T to be suitable is that * divide these six numbers.

If p divides every a., evidently every matrix of determinant p is suitable.
If p divide a; and a; but not a,, then if T is suitable, o+7>0; if now >0,
the diagonal matrix P,= {1, 1, p} is a suitable left-divisor of T"; and if 7=0
but ¢>0, the matrix

1 00
9) P,=|0 p »
0 0 1

is a suitable left-divisor of T. Hence assume p}a,az. Also, let p|as. The mat-
rices P, and P,,’ are suitable. If we left-multiply T in (5) by P,~! we get an
integral product if 7=1. Hence let 7=0. Then the suitability of T" implies
by (7;) that p>0.

Now assume p>2. Then either ¢>0 and pl)\ (by (8s)), or ¢=0 and
p[al+az7\2 (by (73)). In the last case, v=0 and
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? N ou
(10) P,=]0 10
0 0 1

is a suitable left-divisor of T. But if p>0, >0, and p])\, then P,,’ is a suit-
able left-divisor of T. Further, P,,” has no suitable left-divisor of determinant
pif (—alazlp) = —1, and has P,, as a left-divisor if pl a1+az\.

Similarly, let p =2. Then by (7s), either ¢=0 and A is odd, or 6 >0 and A
is even. In the first case, P,, is a suitable left-divisor of T'. In the second case
P,,’ is a suitable left-divisor of T, and has P, ,_, as a suitable left-divisor.

Next assume that p]ai1a:as, p > 2. It can be verified that the matrix P, is
suitable if p|a1+a2)\2+a3/.¢2, P, is suitable if p|a2+a3v2; and that the three
matrices of determinant p?2,

100 s A0
(11) Pp’= 0 4 01, P)\,= 01 0}, P;un'v
00 » 00 p

are suitable. In connection with (11) we make the respective assumptions
(12) (— a2a3l ) = —1, P*al + as\?, ?*0102 + asa3m:® + asawi®.

For, if (12,) does not hold, P,’ is left-divisible by P,; if (12;) does not hold,
P,’ is left-divisible by Py. Lastly, P, will be a left-divisor of P’ if
p|as+asv?, excluded by (12) if p|m. Again, Py, will be a left-divisor of
P, if and only if X\ and u satisfy

a + a2>\2 + aal.l.z = 0, M1 — )\Vl — M= 0 (mod [7).

Eliminating u, and assuming that p| @102+ a203u12+aza1?, we readily obtain
(@114asuN\)2=0 (mod p), which is solvable for N if p}u,.

Now T has P,/ as a left-divisor if =1, =1, and p|». (i) Suppose that
d=0, whence »=0. Since p"""l (71), (82), and (7;3), we have 7=<p, p=p"w,
p'“’|a1+az)\2+a3p12. If here p=r, then as 0Su<p*, u=0 and P,, is a left-
divisor of T. But if p>7, then P,,, is a left-divisor. (ii) Suppose ¢ =1, 7=0.
If p| az+agv?, P, is a left-divisor of 1. Assume p{a;+asv?. Then o Zp by (72),
A=pN by (8), p#~|a1+aM2+as(\v—p)? by (75). If now p=c, whence
A=0, then P,,’ is a left-divisor of T. But if p>o, then Py, ., is a left-
divisor. (iii) Finally suppose ¢=1, 721, pfv. By (81), 7<p. If now o =7,
then by (83), p"‘"l)\v—p’u, A=p°A\1, M\ an integer, and pl)\lv—u. And if
o>T, then by (82), A=p"A\z; by (83), p’l)\g(azp”—i-aau?)—p"—'az;.w, p"—'l)\g,
A=\, p’[asv()\lv-—/.c), pl)\lv—u. In either case, P,,’ is a left-divisor of T.

Now assume plaiaqa;3, p=2. The suitability of T implies (i) p+0>0;
(i) p>0, or p=0 and 2|2'+u; (iii) 7>0 and 2|)\u—2’y, or 7=0 and
2|2‘+)\+>\v—2’y. Hence, if p=0, then 6>0, A=u=0, and P, is a suitable
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left-divisor of T'. If p>0, and o =7=0, then »=0 and A+u is odd; hence
P, is a suitable left-divisor. If p>0 and 7 =0<o, then 2])\(1+v); then Py,
is a left-divisor if N is even, and p—N\w—u; even, and is suitable if A\;+pu; is
odd: this can be achieved when M\ is even unless » is odd. Also, if » is odd,
P, is a suitable left-divisor. Lastly, if p>0 and >0, then 2|)\v—2”u, and P,
succeeds.

We assume next that f=jx,24x1xa+jxe?+ (F+1)yxs% j=0or 1, v an in-
teger. Then 2* must divide the six numbers

(] + 1)22p+2v ]22p+2r + (] + 1)22"')’1’ 220+2fj —_ 2¢+2r)\ _l._. 221%2]‘
+ G+ Dy — 270)%;
(] + 1)22p+a'+1.y,,’ (_7 + 1)2p+a+x,y()\,, — zwﬂ), 2ptot2r j>\2p+21’+1
— (G + D2 y(w — 274).
(Note also that if f is replaced by 2%, §>0, these six numbers are multiplied
by 23, and every matrix of determinant 2 is suitable.)
Let ¥ be odd. The suitable matrices of determinant 2 or 4, omitting some

of determinant 4 which have suitable left-divisors of determinant 2, are P;
and P,,,’ if j=1, and the following if j=0:

(13)

1 00 2 M M 2 01
(14) P*x=|0 2 0 Py = 1 0| P/=|0 21
00 l_I 0 0 1 0 01

Now let j=0. Evidently P.* is a left-divisor of T if ¢=1 and » is even;
Py is a left-divisor (for A; zero or one) if p>0, ¢=0, u=2%X mod 2; or if

(15) p>0,0>0,)\is even, v is odd, 27u is even;

likewise for Py, if
(16) p>0,0>0,\is even, v is odd, 27u is odd.

Further, if 6=0 (whence v=0) and T is suitable, then by (13), 2"+’] —227\
+vp?, u=2*Amod 2. Hence let 0 >0 and » be odd. Then by (13;), p=a+7>0,
and by (13;), A is even; and eithet (16) or (15) holds.

Now let j=1. Then P, is a left-divisor if and only if 7=1; and if 7=0,
P,y is a left-divisor of T (for some choice of y;, »1=0 or 1) if and only if
p=1, Nis even, pis even if 7>0, 0 =1, v is even if 7>0. But if T is suitable
and 7 =0, then (13;) shows that ¢=1 and A is even, (13;) that p=o¢. Thus in
all cases P; or P,,,,’ is a divisor.

Let v be even. If 7>0, P, is a suitable divisor. If 7=0, ¢>0, and =0,
then P, is effective. If j=1 and 7=0, then if T is suitable, p>0 by (13,),
a>0 by (133), A is even by (13;3), and P,,’ is a left-divisor of T and has no
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suitable left-divisors of determinant 2. If j=0, r=0=0, then p>0, and \
must be even by (13;), and P,, succeeds.

Finally, let f=2a,x,2+28+2(jxs2+xox5+jx3?), where =0 or 1, a, is odd,
and <. If >0 every matrix of determinant 2 is suitable. Let «=0. If T
is suitable, o+7>0. If >0, use Py; if =0 and ¢>0, use P,.

It follows from these lemmas that if a norm-form G arises from a norm-
form F by an integral transformation of determinant %, then a form equiva-
lent to G can be arrived at by a succession of transformations of type (5).
And further we can use the prime factors of # in any desired order, starting
with a transformation of determinant p or $?, in most cases continuing with
transformations of determinant p, and obtaining norm-forms at each step.

Suppose that at some step a norm-form F; is obtained for which a particu-
lar factorization with the properties in Theorem 3 is not possible. Then the
genus of F; must contain a form G; of minimum greater than 1. (Note that
if an indefinite norm-form represents —1, then by composition with itself it
represents +1.) If we now apply a further integral transformation to F; to
obtain G, then the same transformation replaces G; by a form G; in the genus
of G. Since G represents all the numbers represented by G., the minimum of
G. is also greater than 1. Hence we need seek no further for genera contain-
ing norm-forms only. All this will be illustrated and applied in §§13-15.

13. Norm-forms derived from F, by transformations of determinant 2°.
We shall now investigate the genera which: (a) contain norm-forms G, (b) are
derived from F; by integral transformations of determinant a power of 2,
and (c) contain no classes of minimum greater than 1. We shall find that there
are exactly ten such genera, including that of F,, and that each contains only
one class.

We have first a lemma, which follows easily from Lemma 12, giving a
form-residue mod 27 of any norm-form:

LeEMMA 16. If G is a norm-form corresponding to an integral ternary form g,
then G is equivalent to a form with one of the following residues mod 27, r large:

(1) %o + a2a3%:1% + @301%2% + 6102%3%;
(2) xo? + %oxz + jxs® + N(Gw® + 2ix2 + jxo?);
3) xo? + (45 — 1)2%x5% + N(jx:2 + %122 + jx2?).

Here j=0 or 1, \ and the a, are integers, B is a non-negative integer; if j=1
then \ is even. Also, in (3), the power of 2 in \ exceeds 2f and must not equal
226+1, In (3) the cases j=0 and 1 are equivalent mod 27 if the power of 2 in N
is 228 or 226+2, The values of c; are given by ca=(—a1as, —a1as)2 tn (1); and in
(2) and (3) by

c2 = (— 1)7 if X contains an odd power of 2;

4)

= 41  if X contains an even power of 2.
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Since G is now to be derived from F,;, we must have c;= —1. Hence in
both (2) and (3), j=1 and \ contains an odd power of 2. Also, in (1),
(—a182, —a1a3)2 must be —1. Further we can replace g by mg, m odd, since
this will not affect the form-residue of G mod 27; and so can suppose that the
odd part of det g is congruent to 1 mod 8. Hence an examination of the
unique form-residues attainable in (1) for g will show that if det gis 1, 2, 4,
or 8, then (a1, a3, a3) can be taken to be one of the triples

) (1,1,1); (1,1,2); (1,2,2), (1,1, 4);
(2, 27 2)' (ly 2: 4)v (1, 1: 8): (1: 3: 24)r (‘— 11 31 - 24)v mod 2r,
I. Forms G of determinant 1. The only residue in (1), (2), and (3) con-
sistent with det G=1, and with \ limited as above, is x¢2+4x:2+4 292+ x32

mod 2. That is, there is only one genus of determinant 1 to be considered.
Evidently this genus contains the form

6) Fy= yo® 4+ 912 4+ 9.2 + 952

and (as is well known) this is in a genus of one class. Note that F,is derivable
from F, by the transformation x;=2y:+ys, X2=Y3+1, X3=Y11F%2, Xo=Yo—N
—92—79s, of determinant 2.

II. Forms G of determinant 4. The possible genera are determined by the
form-residues x4 2x124 222+ %32 and xo+xox3+ 232+ 8 (%12 4+ 21%2 -+ x52), mod
2r. These genera contain the forms

(7) Fy = y02 + 2)’12 + 23’22 + 3’32,
8) Fg' = 9 + y* + 3922 4+ 3932 4 yoy1 + yo¥2 + Yo0¥s — 2y2y3,

and each of these is easily seen to belong to a genus of one class (cf. determi-
nant 64 below). Clearly F; is derived from F; by a transformation of de-
terminant 2, and Fg’ from F; by a transformation of determinant 4.

III. Forms G of determinant 16. There are three possible genera, corre-
sponding to the form-residues

%o? + 2212 4 22,7 + 4w, %o? + 212 + 4x.? + 4x5?,
%o? + 3x32 + 8(x12 + x1%2 + x27), mod 27,

Each genus contains only one class (cf. next case). Representatives of these
classes are

(9) Fis = y02 + 2)’12 + 2}'22 + 43’32, Fy = 3’02 + 4}’12 + 4}'22 + ya2.
(10) Fig” = 302 + 3912 + 332 4+ 3335 — 29152 — 29175 — 2295,

IV. Forms G of determinant 64. There are six possible genera, correspond-
ing to the form-residues
(1,4,4,4), (1,2,4,8), (1, 1,8,8), (1, 3, 8, 24),

11/
(1) (1, — 3, — 8, 24), xo® + xows + x3% + 32(x1® + 2105 + %5?), mod 27,
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The second, third, fourth, and sixth contain the following forms of minimum
greater than 1:

2y’ + 3312+ 2y1y:+3y2>+4ys%,

290* 459124552+ 2y32+2y0y1— 2¥0y2+ 29195+ 22 s,

3(yo+ y1/3+ y2/3—5s/3)*+ (113,241 1y,2+8y3%+ 10y1y2+8y1ya+8yzys)/3,
3(yot31/3— y2/ 3+ 33/2)2+ (44y:*+ 442"+ 275" — 4091y2— 1291y3— 125y5) /12.
However, the forms corresponding to (11,’) and (11;),

(11) Fa2 = yo® + 4y:% + 4y.° + 4y3?,

(12) Fyg' = yo® + 5312 + 532% + 4y3% + 23192 + 43195 + 4329,

are in genera of one class. This may be seen, in the case of Fs,, by the fact
that the reciprocal (1, 1, 1, 4) of F3,, which will be found in various tables of
quaternaries (the best, with determinant up to 25, is Townes [14]); or by our
methods of construction which when applied exhaustively lead to representa-
tives of every class in a given genus; or, most simply, by H. J. S. Smith’s ex-
plicit formula [13, vol. II, p. 666 for the weight of a genus. Thus in the case of
Fy’, which has 16 positive automorphs, we have (in Smith’s notations [13, vol.
II, pp. 666-668]) I, =1, I,=8, I;=1, W=(1/12){(1/2)°(1/2)°8%(1/72%)(x?/8)
=(2/3)¢, where {=(3/128)(3—1)(3—1)=3/32, W=1/16; hence F;;’ isin a
genus of one class.

V. Forms G of determinant 256. Neither (11) nor (12), nor any of the
residues mod 27 in case III, are of the special forms in (i) or (ii) of Lemma 15.
Hence we have only to consider the genera derived from (11) and (12) by
suitable transformations of determinant 2. Every transformation (on the y,)
of determinant 2 is suitable for (11), and we get three derived genera, repre-
sented by

(13’) (lv 4, 4’ 16)y (1, 4: 8v 8)' xoz + 48x.32 + S(xl2 + X1%2 + xzz), mod 2';

from (1, 24, —8, —3), whence a; =1, a; = —3, a; = — 8, we find by the suitable
transformations P, Py, the two form-residues

(13") (11 24, — 8; - 12)1 (1y - 481 16: - 3), mod 2-.

The genus of (13,") is derived also from (11,’) and so contains a form of mini-
mum greater than 1; we list such forms also for the genera with the residues
(13,"), (13,"’),and (13.""):

402 4+ 42021 + Sxi® + 4x0® + 4x5?,
S(xo + 2951/5 + x2/5)2 + 4(49312 + 4x1x + 6222 + stz)/S,
5(x0 + x1/5 — 2%x3/5)% + (292,% + 20x,% + 16x32 — 202,22 — 16%1%3) /5.
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In the genus determined by (13;’) mod 2r we find the form
(13) Foy = x> 4 8(232 + 222 + 232 + 2122 + 2123 + %2%3).

Curiously enough, this case is missing in Smith [13, vol. II, pp. 669-670]
(hereI,=4,1,=1,I;=4, and 6,, 0, 0;=1, 0, 1, mod 2, so that our case would
have come under Smith’s E(b)). However, if a is the minimum of a form in
the genus of Fe, a*<1024, ¢ <5. But a=2, 3, and 5 are not represented by
forms in this genus. Further, 4 is not represented primitively. For if Fgy=4
(mod 27), xo=2 (mod 4), xe>=4 (mod 32), x12+x22+x32+ %12+ 215+ %0203 =0
(mod 4), every x. is even. Hence all forms in the genus represent 1, and by
Theorem 9, all such forms are norm-forms. But the genus of the ternary form
J=3%1243x22+ 3252 — 2201200 — 220163 — 2x0xc5 contains only one class. The same
follows for Fe. ,

V1. Forms G of determinant 1024. We have only to apply transformations
of determinant 2 to (13;’). The resulting form-residues are

%2 + 192x5% + 8(x12 + x1x2 + 227, 0% + 48x5% + 8x,% + 24x,%, mod 27,

The latter form is derivable from (1, 3, 8, 24) in (11’), and so its genus con-
tains a class of minimum greater than 1. To get a form of minimum ¢ in
the genus of the first form, note that a*=4-:1024, a=1, 4, or 8. Trying a =4
we consider 4xo?+4xoxs+kxs2+ - - -, and try to satisfy 4k —4=192. Hence
we take k=49, and consider 4(xo+x3/2)*+¢(x1, %2, x3), p=48x32+ - - -
~48x32+ 8(x12+x1%2+x,2) mod 27. Here det ¢ must be 256, and adj ¢ =16y,
where Y ~3x32+424(x,2 — x1x2+x,%) mod 27, det Y =16, and adj ¥ =¢. A possi-
ble form ¥ is easily found to be 3x;,2+3x22+ 3x32 — 2x1%2 — 22,%3 — 2x2%3, and we
construct

4(x0 + 21/2 + %2/2 + x5/2)2 + 84,2 + 82,2 + 8x3% + 82125 + 8x1%3 + 8xaxy
= 4:!302 + 9x1’ + 9x22 + 9x32 + 4xox1 + 4xoxz + 4xox3
+ 10x1x¢ + 10x1x3 + 10x2x3,

which is in the desired genus, since

9(2x1+5%2/9+2x0/94523/9) 2+ 8(7 %22+ 523+ 7 232+ 4 %02+ 22022+ 2 0 23) /9
~ 2,24 8( %22+ %223+ 232+ k202), mod 27,

where by the determinant, x can only be 24.

All further genera derived from these must contain a class of minimum
greater than 1.

Consider now the genera containing norm-form classes only, which can be
derived from F3;=x0?+xox3+ %32+ %12+ x1x2+%22 by transformations of de-
terminant 2*. Now ¢;=—1, ¢c;=1. Hence in (2) and (3), either j=1 and A con-
tains an even power of 2, or j=0. The residue Fs~x?+3x32+x124 3x22 mod 37
is not changed by transformations of determinant prime to 3.
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I. Forms of determinant 9/4. The preceding conditions allow only one
genus, that with the form-residue x¢%4xox3+2x1%2 mod 2*. This genus has
only one class, represented by

(14) Fe = (20 + %/2 + %2/2)2 4+ (%3 + %1/2 + %2/2)2 4+ 3(x:% + x5%)/2.

I1. Forms of determinant 9. There are three genera, each of one class, con-
taining the respective forms

(15) Fi2 = %% 4+ 32,2 + 3x2% + 252,
(16) Fi' = %o® + xoxs + xs® + 4(2:2 + 5122 + x57),
an Fi = (%0 + 21/2 4+ 22/2 + 2/2)*

+ (153‘312 + 7:!532 + 7x32 - 6x1xa bt 6x1x3 -_ 2xzx3)/4.
Here Fi,'’ has the form-residue x¢24-xoxs+4x1x2 mod 27, and is derived from
Fy; Fyz is derived by the transformation xo=7yo—7%s, X1=y1+%2, X2= —¥2+7%s,
x3= —y2-}+ys, of determinant 2, from Fg. But Fy,’ is derived by a transforma-

tion of determinant 4 from. Fs.
111. Forms of determinant 36. The form

(18) Fa = xo® + 3232 4+ 4(01% + 21202 4 22?)

is in a genus of one class, and can be derived from any of Fy;, Fio!, Fi2'’. The
genera with the form-residues o2+ 6x12+6x:2+x52 and x¢®+xoxs+8x1%s,
mod 2, contain the following forms of minimum 2:

(18) 2202 + 22,2 + 3x52 + 3x32, 2(xo + %:1/4 + x2/2 + x3/2)?
+ (15x12 + 28x2’ + '28x32 - 12x1x2 bl 12x1x3 —_ 8x2xs)/8.

IV. Forms of determinant 144. We must now apply transformations of de-
terminant 2 to (18). We thus get the genus of one class containing

19) Fig = 2o 4 12437 + 4(%:* + 2122 + %57
and the genera with the form-residues
19) 202 + 3212 4 42,2 4 12452, %o — x5 + 8x1%3, mod 2'.

The latter is derivable from (18,’); the former genus contains the form
(19”) Sxo" '+' 4:‘712 + 4x22 + 4x32 + 2xox1 bt 4xoxz + 4xoxa + 4x1x;

of minimum 4.

V. Forms of determinant 144-2%. The only genus derived from (19) by
suitable transformations of determinant 2 is that containing x¢2-+12x,2-412x,2
+4x3%, and being derived also from (19,’), it contains a form of minimum
greater than 1.

Proceeding next from Fg, whence cz=1 and ¢s= —1, we have Fg~ux,2+3x,®
+ 5x,2+15x32 mod 5'.



1946] ON GENERALIZED QUATERNIONS 319

I. Forms of determinant 25/4. The only residue mod 27 is x¢2+ x0x3+ 2x1%2,
and this gives a genus of one class, containing

(20)  Fro=(xo+22/24 23/2) 2+ (122124 T 222+ T 232 — 4 %102 — 42123 — 6 29%3) /4.
I1. Forms of determinant 25. The possible genera have the form-residues
%o® + 2% — ®® — x% w® + woxs + 23 + 4(x® + miwe + 259,
%% + xox3 + 4x1%5, mod 2", v
The first contains the form
(21) Fao = 22 4+ 5212 + 3252 4 22025 + 2x5°

in a genus of one class; and the other two contain the following forms of
minimum greater than 1:

3xo? + 3%1% 4 3%, + 3x3% + 2x0x; + 3xoxe + 3xoxs — 21705 — X1%3 + xox3,

3x02 4+ 3x12 + 2202 + 2232 + 2x0%1 — XoXs — XXz — X1Xe — XXz — XaX3.

(21)

II1. Forms of determinant 100. Suitable transformations on x¢2+x;2—x,?
—x3? mod 27 are x;—2x1+%2; and x;—2x,+x3; the resulting form-residues are
x02+x1’—4x22—4xzx3—-2x3"’~x02+x12—-2x22—2x32, and x02+4x12+4x1x2—x32
~xo?+4x1x; — x32. The following forms in these genera have minimum greater
than1:

30?2 -+ 22025 + 2232 4 62,2 + 4xyx2 + 4252,
5212 4 3x02 + 3x92 + 3232 + 2x0x2 + 2x0%3 + 2x0%3.

Proceeding similarly from F, the derived genus of determinant 49/4 with
the residue xo2+xox3+2x1x2 mod 27 contains the form
2x0* + 2217 + 25 + 2237 + Xy — Xoxs + x1%2 + X143

of minimum 2. This disposes, for determinant 49, of the residue x4 2xoxs
+ 2010~ (x0+x3) 2 — x32+ 220160 ~x 02+ x12— %22 —x3%2 mod 27; or else note the
form 3xo2+3x124- 322+ 3032+ 2025 — 2x0%3 + 22102+ 22013 of minimum 3. The
residue (215’) also is eliminated. But (21,’) gives the form

(22) F28= (xo+ x2/2+x3/2)2+ (32x12+11x22+11_x32—8x;xz—8x1x3—6x2xs)/4

in a genus of one class.

All genera of norm-forms derived from Fi; by transformations of determi-
nant 2? contain classes of minimum greater than 1. For, the residue xo2+x¢xs
+2x1x; mod 27 and determinant 169/4 belong to the form

2(xo+x4/4— %2/2— x3/4) 2+ (31 2,2+ 28222+ 15232 — 1221, — 142, 85— 4x23) /8.

The residues (21,’) and (215’) are eliminated as before; but (21;’) yields a
genus of determinant 169 containing the form of minimum 3,

3(xo+ 21/6+ x2/6— x3/3) 2+ (59 %12+ 59 %224 32232 — 381 82— 82143 — 8x25) /12.
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14. The norm-forms permitting factorization with » subject only to §5(1).
Every norm-form G is derivable from a norm-form F in which adj f is funda-
mental. If F is not equivalent to one of the five forms F4, the genus of F
will contain a class of minimum greater than 1, and the same will hold for G.
It is therefore sufficient to consider only forms derived from the Fg.

Let Fa=(%0+2"1) €x¥a)?+2 A apxas. If G is derived from F; by the ap-
plication of an integral transformation I of determinant 7 to the x4, we have

G=(ro+ 22 e*ra)? + O Bugrars, B =T'AT, §=Tp
where P’ = (rlv 72, 78)1 %o + 2—12 €aXa = 19 + 2_12 fa*fa-

If we should apply a full transformation of order 4 to F; we would have a
more difficult discussion of suitability of transformations and of genera. How-
ever, after narrowing the problem a little we shall use such full transforma-
tions.

We saw in §11 that, for certain integral matrices S of determinant o, where
o=4if d=2,5,and 13, and ¢=2 if d=3 and 7, the transformation

(2) n=3St %0+ 2713 eaka = yo/2,
replaces F;i by the form Hga, where
3) 4e’H g = e*yo® + e’d1y® + ed1y2® + eys?,

di=odd part of d, e=1 for d=2, 3, 7, e=2 for d=35, 13. Also, (2) replaces
the system Zr of integral quaternions associated with F, by the arithmetically
equivalent system 24 (d=2,3,7, 5, 13).

As in Lemma 14, we can for the given S and T choose integral matrices
S: and T of determinants ¢ and 7, such that ST =7.S,. Hence T=S5"1T.5;
and replaces 4 by B. Let 7 be odd. Consider, after (2), the transformations

(4) n = Tlg.r )’0/2 = 20/21
©) § = S, 20/2 = 10+ 271D €a*ran

On applying (4) to Za we obtain a subsystem Z;’ by imposing the restriction
on the y, that the 2z, be integers, that is, that T37'n be integral mod 7; or if
we prefer to carry through the substitution, we obtain a system X4’/ arith-
metically equivalent to 24/, with elements expressible as z0/2+215," /24 - - -
where now the z; are unrestricted mod 7 but still satisfy relations mod 2 or 4
due to those on the y; in Z4. As an algebra, the system Z;’’ must be the
same as that obtained by application of (5) from the system of integral qua-
ternions XZ¢. Further, the conditions of integrality are the same, it being as-
sumed that 7 is odd: for, the condition that 5,7 (=p) be integral mod o
is the same as the condition that S—!'T,{(=§£) be integral mod ¢, since
S-1T,=T35,"1 and T-!is integral mod o.

Hence if we prove by one instance that factorization is not possible in 24/,
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the same will follow for Z¢, whence the genus of G will contain a class of
minimum greater than 1.

Since T1S: (=ST) replaces ¢ =e2d1y12+ed1ys?+eys? by 4e2)_ Bagrars, clearly
T, is a suitable tranformation for ¢.

We shall now apply to the y, the suitable transformations T of determi-
nant p or p?, where, to begin with, pJ2d. The genus of the form G so obtained
must represent 2. For, F; represents 2, and since | T ] (= | T1| ) is prime to 2d,
we can solve the congruences G=2 (mod 27 and mod dr). To prove that we
can solve G=2 (mod p"), where p is now the only other prime in the determi-
nant of G, we note that G is carried by (5) (of determinant prime to p) into
20%/4+y/4e?, where ¥ is as follows (cf. paragraph containing (11) in §12):

e’di(pz1 + M2z + pzs)? + edizy? + ez, if pl1 + en2 + edyu?;
etdz? + edi(pz2 + vz3)? + ezsl, if ple + edw?;
(6) €2d1z1% + edip®z:® + epzs?, if (—di|p) = —1;
e’d1(pz1 + N'322)® + ediz2® + epzs?, if p|1 + eN'2;
e’di(pz1 + w'23)? + edi(pzz + v'23)? + ez5?, if ple + edw'? + edp'?

In each case ¢ has a coefficient mz,? where p{m, and the solvability of G=2
follows from that of 2zo*+m2.,2=2 (mod p*).
The quaternions of norm 2 in the various 24 are easily found by solving

©) eyo® + ed1y? + diy2? + y3% = 8e,

subject to the restrictions on the y; in (1), (3), (6), (7) of §11, and are as
follows:

&
Il

2: +(144y), i‘(liiz), +(1+143), +(i2t14s), (st 1), £ (i1t42);
3: +(1+4s), £ (2+42t45)/2, £ (1+41+245)/2, £+ (1ti1t it 1s5);
7
5

: o+ (1+4s), £+(1£41)/2, +(i2+145)/2;
v R (F£20440+143) /4, F(F24424345)/4, £ (1241445)/2, +i3;
d=13: +(+2+4,—13)/4, t 1.

®

SV VY
I

At the same time, we record the quaternions of norm 1:
d=2: X1, £4), £4y +d5, +(1£i+i1145)/2;
(9) d=3: 1, +45, +(1+4))/2, £ (2%145)/2; d=T: 1, +i;
d=5: *+(F+2+i—1i5)/4, £1; d=13: =*1.
Suppose that T is Py, of §12. Then in Z;’, y1=N\y;+uys mod p, and this
is satisfied by quaternions of norm 2 as-follows: by 1 +14;, never; 141, only

ifA=0;1t7and 5;if u=0;72+43and 244, +43if A\=+pu; 51 F23and 1 +4; 448
if”E il;ix:tiz if A= +1;1 ihiZia if 2[45 il; liiliizi"ig if iXiME _'tl;
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’_':2’i1+‘lz+‘i3 if)\'l‘ﬂE + 1; i2+’i2+31:3 if A= ‘—'3#; i2+‘iz—‘i3 ifxE[l, l'l'lOd p.

Now the number of solutions A, u mod p of 1+eN24-edu?=0is p — (—d1| p).
Of these, the number with A=0 is 14 (—ed;|p); the number with p=0 is
14+ (—e|p); the number with A=+p is 2[1+(—=2|p)] if d=2 or 7,
24[1+(——1|p)] if d=3; the number with A=—3u is 0 if d=5 and p=7,
but 14 (—7|p) if d=5and p>7; the number withA=pis0if d=13 and p=7,
14(—7|p) if d=13 and p»7; the number with p=+1is 2[14+(—=2|p)] if
d=2, 2[1+(—22|p)] if d=5; the number with A= +1 is 2[1+(—2|p)] if
d=2; the number with 2u= +1 is 2[14(—=7|p)] if d=3; the number with
+Ntu=1is 4[14+(—7|p)] if d=3; if d=5, the number with At-u=+1is 2
if p=3, 2[1+(—2|p)] if p>5. Counting these as they come, not worrying
about duplicates, we find at most n4 solutions (\, u) for which a quaternion of
norm 2 may belong to Z,, where

84 2(— 1] p) + 6(— 2] p) if d=2,
9+3(~1]p) +6(—7[9) if d=3,
(10) na={ 3+ (—1]|p) +2(— 2| p) ifd=7,
64 3(— 2| ) + (= 7| p) + 2(— 22| p) if d=5 p>7,
2+ (=2[)+(=7[p if d=13, p%7;

while n4=0if d=>5 or 13 and p = 7. Hence there exist solutions of 1 +e\?+edu?
=0 mod p, for which Z,’ contains no quaternions of norm 2, in the following
cases:

d=2,ifp=7 p=13, 0or p219; d=3, if p = 13;

11
(1) d=1i p=3; d=5ip=7; d=13, i p=3.

If T, is P, of §12, which requires that pl 14+dw? and y.=v»y; mod p, we
find a value of » for which Z;’ contains no quaternion of norm 2 in the addi-
tional case d =S5 and p=3; that is, if we take ¥ = —1, no quaternion of norm 2
satisfies y2= —vy; mod 3.

Now only one genus of norm-forms G is obtained from F, by all the suit-
able transformations of a given determinant p not dividing 2d. For, the form-
residue mod py" of G is determined by that of Faif p15%p; and if p1=p, of the
two apparent possibilities (1, #n, p, np), where n may be a quadratic residue
or non-residue, only one is possible, since ¢, = (—#|p), and ¢, is invariant un-
der all rational transformations. Here, ¢, is +1, and we can take n=—1.

The preceding paragraph holds also if the transformations of determinant
p are of order 4, the forms so obtained being necessarily in the genus of G,
though not necessarily norm-forms. If T is of determinant p and order 4, and
Sz denotes the integral transformation of order 4 and determinant 2o which
replaces H; by F4, then we can choose integral matrices .S; and T, of determi-
nants 2¢ and p, such that T,S;=.S,T3. For if we define S;* by S:*S; =201, we
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have S;*T,= T3Sy, and 207T3=S:T3S;. Hence 205, 1= Tz_l(SzTa). The left
side is integral mod p, the right side mod 2. Hence 20.Ss~! is an integral ma-
trix, say Ss; and T3S;=S:T3. Now if T replaces F4 by a form G; with a form-
residue (1, —1, p, —p) mod p", then G; is in the genus of G. Also, the trans-
formation TS; replaces H; by G;.

We thus have four forms: Fa, Ha, Ha', and G,; where Hj’ is obtained from
H; by the transformation T3; and hence G; from Hy' by S;. The variables y;
in H, are to be subjected to the conditions mod 2 or 4 of the system Xg; the
variables 2; in H, ' are to be subjected to the conditions mod 2 or 4 such that,
under .S, the variables of G, are arbitrary integers. If we now prove that H,’,
so conditioned, does not represent 1, the same holds for G;. Since | Tzl is odd,
the conditions of integrality on the 2; mod 2 or 4 must be equivalent to the
conditions on the y;, connected with the z; by To.

Let us therefore apply to Hg the transformation

(12) T2: 9o = pzo =+ N21 + NoZ2 -+ X323, Y1 =21, Y2 = %2, Y3 = 2Zs.

LEMMA 17. Let aoa1a:a5 be prime to p, p > 2. Then every third order minor de-
terminant in the matrix of Y(20, 21, 22, 23) =ao(P20 +Z)\¢,,z‘,.)2-i—Zaa.z.,.2 s divisible
by p if and only if

(13) PI 018283 + @0a2a3M1% + @001830s% 4 203182052

Hence the form 4e2H,’ =e’(pzo+2)\az¢)2+e2dlzlz+ed122’+e23’ has the
form-residue (1, n, p, np) mod pr if and only if

(13" Pl di 4+ M2+ ena? + edinst

Now 1 will be represented in the form H,’ if and only if the coordinates of
one of the units in (9) satisfies yo=Ay1+N2y2+Nsys. For d =2, this means that
either some A\, =0 or that +X\;+A;+X;+1=0 for some choice of signs. Now
if p=17, we have 17| 3244245241, and +3+4+5+15#0 (mod 17). Hence
G does not represent 1.

If d=3, (9:) shows that H,' represents 1 if and only if A3=0, or \;= +1,
or A= +\s. Now 11[424+02+3-12+43, 7| 22+224+3-12+3, and 5| 22+02+3-1?
+3; henceif pis 5, 7, or 11, H;' and G do not represent 1.

If d=7 we need \3#0; we have 3|02-|-’12+7- 124-7, eliminating p =3.

If d=13, Hy' cannot represent 1 since 1s£0.

The transformations (11) of §12, of determinant p2, lead to two genera,
I'; and Ty, containing the respective form-residues

(14) 1, n, p%, np?) mod p*,

where 7 may be either a quadratic residue or non-residue mod p. Other ap-
parent possibilities, such as (1, p, np, np?), are excluded by the fact that ¢ is
primitive in (6), and are indeed derived from the genera obtained previously
by transformations of determinant p. The genera I'y and T, are distinguish-
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able by the coefficient # =e-e2dyu’2+ed1v’? of 2;3%. We seek to determine val-
ues of u’ and »’ which make (n| p) either +1 or —1, and such that the con-
ditions

(15) y1 = u'ys, y2 = v'y; (mod p)

eliminate all quaternions of norm 2. This is rather easy, since p’ and »’ now
satisfy only the incongruence e+e?dp’*+edw’?#0 (mod p).

Referring again to (8) we see that (15) fails to hold, for all the quaternions
of norm 2, unless: (a) d=2, (u’, »')=(0, 0), (0, +1), or (+1, 0); (b) d=3,
(“"v V/)E(Or 0)1 (O’ + 1)! (il/z: 0)9 or (i 11 + 1); (C) d= 7) (M,, ”,)E(O» 0), or
0, +1); (d) d=5, (W', ¥)=(£1, 1), (£1, 0), (0, 0), or (3u’, 3»")=(0, 1);
(e) d=13, (u’, »')=(0, 0) or (0, —1) mod p. These cases imply, if d=2 that
n=1or2;ifd=3thatn=1,4,7/4,7;if d=7,n=1, 8;if d=5, n=32, 28/9,
22,0r 2;if d=13, that n =28 or 2, mod p. Hence # can certainly be made either
a quadratic residue or non-residue, if

d=2,p2z7;d=3,p2T;d=7,p25;d=5,pz1l;d=13,p27.

There can also be eliminated the case d=2, p=3, since —-(1+12+12I 5)=1
=(143-124-3-2?|5); and the case d=7, p=3, (n|p)=—1, since (14712
+7-02|3) = —1. By using Py’ of §12, and the condition y,=0, y;=0 (mod p)
we eliminate the case d=7, p =3, and (n[ 3)=+4+1.Letd=S5; thecase p="T71is
eliminated by (2420-224-10-12|7) =1 = — (2+20-22410-02| 7); and the case
p=23 by P/, since no quaternions of norm 2 satisfy y1=2y,, y3=0 (mod 3).
Let d=13; the cases p=3 and 5 are eliminated by (24-52:024-26- lzl 3)
=1=—(2452-12426-12]3), and (2+452-12426-02|5)=1=— (2452 12
+26-2?|5).

To sum up, we have now eliminated from consideration all cases in which
7 contains a prime factor p not dividing 2d, except that it d=2, we have
to consider the genus obtained by transformations of determinant 3, 5, or 11,
and the genera obtained by transformations of determinant 3% (These genera
all contain only one class.) We have still to consider genera derived from
these, from the genera of §13, and from the F; by transformations of deter-
minant divisible by d.

Let us consider next the case where p =d >2. If =% and the transforma-
tion P, of §12 is used, the genus obtained has the residue (1, p, ep, ep?) mod p".
If p=3 or 5, this genus consists of one class. But if p =7 or 13, we can elimi-
nate the genus as follows. The transformation (12) applied to Hg produces
a form with the residue (1, p, ep, ep?) mod p* if we take Ay =A2=0 and choose
s so that (ez)\32+e|p)=1. If p=17 this can be secured with A;=1; and it
should be noted in (9;) that no unit satisfies yo=7y; (mod 7). If p =13, take
X3=3.

If we use transformation P,’, we get the same genus for all u and »,
with the residue (1, e, $3, ep®) mod p7. This genus represents 2. The norm-
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form will not represent 2 unless one of the quaternions in (8) satisfies y1=pys,
y2=vys, mod p. For p=35,7, or 13, we need merely take u=—v=2. If p=3,
this method fails; however we easily find in this genus the following form of
minimum 2:

2(xo — x1/4 + 22/2)% + (31212 + 28252 + 16252 + 42155 + 16x1%3 + 8%x2%3)/8.

Thus if 7 contains an odd prime p, either d=2 and p=3, 5, or 11; or
d=p =23 or 5. We must form combinations of these with one another, and the
cases of §13.

We shall now complete the discussion of the cases arising from d =2.

Since 15|1+32+422412, 33| 1492442412, 55|1472+22+41¢ in accord-
ance with (13), we can discard the cases in which 7 is divisible by 15, 33, or
55, after noting the following.

The genera obtained from F; with =232 contain the respective forms

(16) Fig=(%o+21/24 x2/2)2+ (192,24 192,23+ 4 x5+ 2 %1 2o+ 4 21 23+ 4 x2%3) /4,
(17) Fig' = (%0+%2/2) 2+ (202,24 11 x5+ 8232+ 42142+ 81 %3+ 8x2%5) /4,

with the form-residues (1,1, 9,9) and (1, 2,9, 18), mod 3. Here Fysis equiva-
lent to (¥o2+9y12+9y22+32) /4 with the condition y,=y,=y;=y; mod 2; and
Fis’ is equivalent to (yo®+9y:12+18y,2+2y5?)/4 where yo=2%o-+x2, y1=%2,
Y2 =21, Y3 =%1+x2-+2x3, s0 that yo=y1, ¥s=7y1+ 7y, mod 2. Hence the units are
+1 and +74; and +1. Further transformations of determinants 5, 7, and 11
give genera containing classes of minimum not 1. For we have 5] 9412412
+9-12, 7|9+224024+9-22, and 11|940242249-12, where A\s#0 mod p (cf.
(13)); and 5, 7, and 11 can divide 18+2N\2+4A:2+9\;s2, without having
+1=X\-0+N-0+X;-0 mod p.- '

LeMMA 18. Let p be an odd prime not dividing d. Then the norm-forms G
derivable from Fa by transformations of determinant a power of p have the follow-
ing form-residues mod p*. Here n, n', n'’ denote integers satisfying ( —nl p)=1,
(n']p)= =1, (=n""|p)= —1:

(18) (1, n, p, mp); (1, 1, 9% 9%, (1, o, p2, #'p?); (1, p, np, np?);
(1, n, 93, np®); (1, 92 2% %5 (1, p, np?, np?), (1, #'p, np?, n''p3);
and so on. But if d=p > 2, then the residues mod p" are:

(ly P! - ",Pv - "’Pz); (11 - ",' Par - n/?3);

(lv ?v - ”'Pz, - n,?s)v (lv ”'Pr - ”’PZ: - Pa)'

These are easily verified, using the properties that ¢,=1 in (18), —1 in
(19); that G represents 1 and has the residue xo?4¢(x1, x2, x3), where ¢ is the

adjoint of an integral form.
Besides the forms (16) and (17), we shall now see that F; gives rise by

(19)
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transformations of determinant p* to the following forms in genera of one
class: if p=3,
F¢' = x> + %ox3 + 3% + 2(x:2 + 21202 + %59,

Fig" = xo® + xoxs + x5 + 6(2:% + ®1%2 + x27),
(20) Fy = 20 + woxs + Ta32 + 6(x1® + 2122 + 22%),

Fgd = (20 + %1/2 + x2/2 + x3/2)2

+ 9(3x12 + 3x5% + 3x32 — 2x1%2 — 2x1%3 — 2%2%3) /4,

with the form-residues (1, 2, 3, 6), (1, 3, 6, 18), (1, 6, 18, 27),and (1,9, 9, 9)
mod 37; and if p =35,
Fro' = (%04 21/2+ 25/2) 24 (112012411 052+ 4032+ 201 204 4 %105+ 4 22%5) /4,
Fo= (204 21/2) 2+ 5(7 2,2+ 42,2+ 4232 — 42105 — 4 21%35) /4,

with the residues (1, 1, 5, 5) and (1, 5, 5, 25), mod 57; and if p =11,
(22) Fay = 20> 4 x5 + 3232 4 2(x12. + x120 + 3x22),

with the residue (1, 2, 11, 22) mod 117. But all further genera so obtained
contain classes of minimum not 1.

To prove that the forms above are in genera of one class, we must correct
two misprints in Smith [13, vol. II, pp. 666-668 ]. On page 666, gs in (7) should
be ¢2; on page 668, f2 should be 6. In our (16), (17), (20), we have respectively
L, L, I,)=(1, 18, 1), (1, 18, 1), (1, 6, 1), (3, 2, 3), (3, 6, 3), (9, 2, 1); inall
cases (working with F; since only modulus 2 then matters) f, represents 3
mod 8, so that Iif; and I36, are 3, mod 8, and {=1/24. Also, working with
the form-residues mod 3r, f; represents respectively 1, 2, 2, 3, 6, 9, and 6.
represents 1, 2, 2, 1, 2, 1, mod 3; 6;/2 and 60;3/2 both represent 1 mod 3. Hence
by Smith’s formula (7),

21

W = (1/12)(1/24)k,

where (respectively for Fis, Fis’, Fo’, Fis'’, Fss, Fsi')
E=2"11—2/3 4+ 1/9]18%/8,  2-'[1 + 2/3 + 1/9]18%/8,
2-1[1 + 2/3 + 1/9]6%/8,  47'[1 + 1/3]27-4/9,
8-1[1 — 1/9]27-62/9,  2-1-27-4/9.

Hence W=1/w, where w=32, 8, 72, 72, 24, 48. Since w is the number of posi-
tive automorphs of F (cf. Theorem 8) in each case, these six forms are in
genera of one class. The forms in (21) and (22) proceed similarly.

The existence of the following forms shows that all further genera ob-

tained by transformations of determinant p* contain classes of minimum
not 1:
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2(x0+21 E o) 2 (172,24 11222+ 5232 — 1021 82— 42123 — 2%2%3) /2,
3202432124 T %02+ 7232 — 3x02%1 — 3x0%2— 3%0 %3+ 32123+ 7 x93,

2x02+ 5% 2+ 5222+ 41232+ 2123 — 32125+ 22021+ 2 2023,

6202+ 7 %124 10222+ 13 %52+ 6 2061+ 6 %0 X2+ 6 Ko x5+ 82122+ 11 %123+ 14 %2 %3,
T 202+ 7212+ 7222+ 9232+ 3x0%3— Sx0%2— Sxo%1 — 320223 — 3%, 23— 421 %9,

Ta02 47212492052+ 9052+ 3023+ 3 X0 %2 — Sxot1+ 7 X223+ 621 23+ 3 %1 %2,

with respective residues (1, 2, 27, 54), (1, 3, 18, 54), (1, 1, 81, 81), (1, 6, 27,
162), (1,9, 9, 81), (1, 9, 18, 162), mod 37;

2(xo+ %2/2) 24 (142,24 9%22+ 6232+ 21 X2+ 61 X3+ 4 x223) /2,
2(xo+2-1Y, x¢)2+(17x12+17x22+3x32— 162105 —2%1%3— 22223) /2,
(204 21/2) 24 (1552124100 252+ 20252 — 10020, — 201.03) /4,

(%ot x2/2+ 23/2) 2+ (260 %1%+ 35222+ 35232 — 201 %, — 202, 23— 30x2%3) /4,

with residues (1, 1, 25, 25), (1, 2, 25, 50), (1, 5, 25, 125), (1, 10, 25, 250),
mod 57, the last two forms not representing 11 and 6 respectively;

3(xo+x,/6+ x2/2+ x3/2)2+(275x12+99x27+99x32—66x1x2—66x1x3—66x2x3)/2,

with the residue (1, 11, —11, —112%) mod 11r, the genera with the residues
(1, 7,112, #112), n= 41, having been eliminated earlier.

The last step, for forms arising from F,, is to apply transformations of
determinants 3¢, 5%, or 11¢ to the nine forms Fy, Fs, Fg', + - -+ . We shall see
that F, yields in this way only two forms in genera of one class:

(23) Fra= 202432524 2(2,2 4 2105+ %27), Fae= %02+ 3232 +6( %1%+ X122+ x22),

with residues (1, 2, 3, 6) and (1, 3, 6, 18) mod 3. The units for F, are +1,
+14y, +1,, +15. If 7=, it suffices to have p| 14+N24+N224N32 with all A, prime
to p; we have 5|1+124+22+422, 11| 1412422442 The case 7=p?=52 or 112
was eliminated by our earlier treatment of F,. To show that transformations
of determinant 3? applied to F; yield only (23), we need to construct forms of
minimum greater than 1 with the following residues mod 37: (1, 1, 9, 9),
(1,2,9,18),(1, 3,18, 54),and (1, 6, 18, 27). For (1, 1, 9, 9) take Fis, replace
x3 by 2x3+x0+x1, and obtain a form not representing 1, which must be
equivalent mod 27 to Fy. For (1, 2, 9, 18) replace xo by 2x¢—=x; in Fig’. For
(1, 6, 18, 27) take Fy and replace xo by 2x0. The case (1, 3, 18, 54) was ex-
cluded even for forms derived from F,.

We shall now see that Fsand Fy’ yield no forms. (Since Fis, Fis’, and Fye’’
are all derivable from Fs or Fg’ this will end the case d=2.) For Fs, which,
has the units +1 and +4; and is derived from Fy, we have only to note that
3| 24124124212 with A\; prime to 3. We can write Fs’ as (2024 212+ 2,2+ 232%) /4
with 20=2y0+y1+y2+¥s 21=1+y2—3y3, 22 =31+ y2+7s, 28=y1—3y2+ 3. The
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units are given by =+ (20, 21, 22, 23)=(2, 0, 0, 0), (1, 1, 1, 1). We easily find
for p=3, 5, and 11, solutions of 1-+N;24+N2+72=0 mod p not satisfying
+1=N\+NX+Ns mod p. For =232 replace xo and x; in Fy5s and Fis’ by 2%
and 243, and obtain forms equivalent mod 37 to Fys and Fis’, mod 27 to Fy'.
The case d =2 is now complete.
We prove for F; that transformations of determinant 3¢ give rise only to

(24) Fo = x4 + xoxs + %352 4 3(x:% + 2122 4 227,
Far = (%0 + %1/2 + %5/2 + 3/2)%
4+ 3(5%1% 4+ 5222 + 5232 — 2x1202 — 22143 — 2%2%3) /4,

with the residues (1, 3, 3, 9) and (1, —3, 9, —27), mod 3. The proof, using
Smith’s formula, that these are in genera of one class is left to the reader.
We construct the following forms of minimum greater than 1 in the genera
derived from F; with the residues (1, 1, 27, 27), (1, 3, 9, 27), and (1, —3,
—27, 81) mod 3":
2(xo+ x1/4— xz/2)2+(31x12+28x22+ 16x32+4x1xz+ 16x1x3+8x2x3)/8,
3(xo+x,/2+x2/2+x3/2)’+(9x12+13x2’+13x32-—6x1xz—6x1x3—10xzx3)/4,
T(xo+3%1/14— x5/7+5%3/14)*

+ (1593’?12‘*‘ 108x2’+87xs’—- 72x1x2— 30x1x3—36xzx3)/28.

(25)

Next, applying transformations of determinant 2¢ we obtain from F, the
two forms in genera of one class

(26) F18' = (xo + x1/2)2 + 3(Sx1’ + 4x22 + 4x32 bl 4x1x2 - 4x2x3)/4,
(27) F33 = x02 + 3x12 + 3x2’ '+' 9x3’.

The genus derived from F, with the same residue mod 2r as Fy,’ contains the
form 3(xo2+x0x1+%12) +4(x22+x2x5+%x32) of minimum 2; and that with the
residue x¢2+xoxs+4x1x2 mod 27 contains the form

3(xo + xg/2 + x3/2)’ + (16x12 + 13x22 + 13x32 bl 8x1x¢ - 8x1x3 - IOxgxa)/4.

Further cases are excluded like those in the paragraph containing (18) in §13.

The forms derived from Fg; by transformations of determinant 2¢ (s=1)
are derived from that with the residue xo?+xpx3+4 2x1x2 mod 2. Such a form
is the following, of minimum 4:

T(xo + 22,/7 + 225/7 + 23/2)2 4+ (96,2 + 24x1%; + 96x,2 + 63x5%)/28.

The case d=3 is complete.
From Fs we get by transformations of determinant 5* only

(28) Fas=(x0+%1/24 2/ 2+ 23/2) 2+ 5(32:2+ 3 %22+ 3232+ 22122+ 22105+ 2200%5) /4
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in a genus of one class, with the residue (1, 5, 10, 50) mod 5". From Fg;, the
genus with the residue x¢2+xox3+2x1%, mod 27 contains the form

4(xo+ %1/4+ x5/4— 3%3/8) 2+ (602,24 60 %22+ 55232 — 4021 63— 20 %1 83— 20 293) / 16.
We have now proved the following two theorems:

THEOREM 11. There are exactly 39 classes of positive, integral forms f for
which the genus of the associated norm-form F contains only one class. These
forms f are as follows, those for which F is derived from the same Fq (d=2,3,5,17,
13) being grouped together:

d f=(a,b,cr1,s,t) d f=(a,b,cr,s,t0)
=ax*+by?+cz*+2ryz+2szx 4 2ixy

2 (1,1,1,1/2,1/2,1/2) 3 (1,1,1, —1/2,0, 0

4 (1,1,1,0,0,0) 6 (1,1,2, —1/2, —1/2,0)
6 (1,1,2,0,0, —1/2) 9 (1,1,3,0,0, —1/2)

8 (1,1,2,0,0,0) 12 (1,1,3,0,0,0)

8 (1,1,3,1/2,1/2,1/2) 12 (1,1,4,0,0, —1/2)

10 (1,1, 3, —1/2, —1/2, 0) 12 (1,2,2,1/2,1/2,1/2)
12 (1,2,2, —1,0,0) 18 (2,2,2,1/2,1,1)

16 (1,2,2,0,0,0) 24 (2,2,2,0,0, —1)

16 (1,1,4,0,0,0) 27 (2,2,2,1/2,1/2,1/2)
16 (2,2,2,1,1,1) 36 (1,3,3,0,0,0)

18 (1,1,5, —1/2, —1/2,0) 48 (1,4,4, —2,0,0)

18 (1,2,3, —1, —1/2,0) 5 (1,1,2,1/2,1/2,1/2)
18 (1,1,6,0,0, —1/2) 10 (1,2,2,1,1/2,1/2)
22 (1,2,3,0, —1/2,0) 20 (1,2,3, —1,0,0)
32 (2,2,2,6,0,0) 25 (2,2,2, —1/2, —1/2, —1/2)
32 (2,23 —1, —1,0) 7 (1,1,2, —1/2,0, 0)
36 (2,2,3,0,0, —1) 28 (1,3,3,1,1/2,1/2)
50 (2,3,3,1/2,1,1) 13 (1,2,2, —1/2,0, —1/2)

54 (2,3,3,—3/2,0,0)
54 (3,3,3,3/2,3/2,3/2)
64 (3,3,3 —1, —1, —1)

THEOREM 12. If the genus of a positive norm-form F contains more than one
class, then it contains at least one class not representing 1.

Our proof of this very simple-result is indeed complicated. There should
be some easier way of proving that if F; and F, are inequivalent norm-forms
in the same genus, then there exists a third form G in their genus which does
not represent 1.

A description of the properties of the 39 systems, which will make them
more easily accessible for applications, has been published in the Duke Math-
ematical Journal by Miss C. S. Williams and the author (vol. 12 (1945)
pp. 527-539).
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15. Theorem 3 is best possible.

THEOREM 13. If the genus of a norm-form F contains a class not represent-
ang 1, then there exist infinitely many primes p such that: (i) p is represented by
the genus of F, and (ii) for each p there exist primitive pure quaternions x (in
the quaternion system associated with F) of norms divisible by p but having no
right-divisors of norm p.

We shall first prove the following lemma.

LeMMA 19. If F, and F: are any two inequivalent forms in the genus of a
norm-form F, there exist infinitely many squarefree numbers n, coprime in pairs,
for each of which there exist integral matrices Q of determinant n?® such that Q
replaces Fy by nFa. We can suppose also that the prime factors of each n are
representable by the genus of F.

We start with the fact that there exists a transformation T/s, where s
is a positive integer which can be taken prime to any assignable number, and
T is an integral matrix of determinant s4, which replaces F; by F,;. Hence T
replaces F) by s?F,. Taking m =s?, we have transformations P of determinant
m? replacing F; by mF.. Write m =p%?, where p is a prime not dividing 2d.
We can factor P as QR, where |Q| =p%, and |R| =p%* (cf. §12). Wr can
suppose here that Q replaces F; by pF;, where F; is an integral form (neces-
sarily in the genus of F).

To prove the last statement, we apply an integral transformation of de-
terminant +1 to secure Fi=A(to2+4%+42+1%) mod m2. We can thus study
more easily the structure of P and Q. Let p* be the highest power of p
in m?, and let S be the left factor of P of determinant . Then S replaces
to2+12+1.2+12 by a form all of whose coefficients are divisible by p*. By
Hermite's result in §12 we can suppose that S has the form

P ki ke ks
I_O Pt ke ks
I-o 0 o ke |
0 0 0 p=
where 2s =e,+e;+e3-+es, 0S5k <p°, and so on. Hence p* divides p?1, poik,,

ki+4p?2, and so on. From these facts we can easily deduce that S has a left
factor of determinant p2, of the form

» h 0 0 p O h R

0 1 0 0 0 p—k h
(1) Q= or

0 0 p & 0 0 1 0

0 0 0 1 0 0 0 1
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where p divides 1+A42 or 14-h24-k2 Clearly, Q replaces F; by pG, where G
is integral.

The same argument shows that we can factor m as pi1p; - - - p,, where the
psare primes, and P as P,P; - - - P,, where IP;.I =p4?, and have P; replacing
F; by $1G,, P, replacing G, by $:Gs, - - -, P, replacing G, by p,F:. Let G be
the last form in this sequence which is equivalent to Fi. Then P; replaces Fy
by either piF; or piFs, where Fs is not equivalent to Fy. In the last case we
proceed with a new transformation P replacing Fs by mF,, with m prime to p&:
We now take G to be the last form in the sequence which is equivalent to
either Fs or Fy, and so introduce a new class related to F; either by means
of a single prime p, or a product of distinct primes pg. Eventually, since the
number of classes is finite, we reach F.. Note finally that each p is represented
by the genus of F. For if (say) F; represents pFy, then the solvability of Fy=1
mod k implies that of F;=p mod &, for every modulus k.

Proceeding with the proof of Theorem 13, we may suppose that F is car-
ried by means of a transformation P = (p;;) of a determinant m? into mG,
where m is squarefree and prime to 2d, and G does not represent 1. It is now
possible to find a primitive pure quaternion x of norm divisible by m, such
that the congruence system xf=0 mod m has the general solution £;=_p:;z;
(z; integers). We can secure F=t2+142+412412 by a slight transformation.
For each prime p in m we can write P =QR, where | Q] =p?, | R| is prime to p,
and Q is given by (1). The condition that t;=_pi;2; is equivalent for each p
to the condition that Q! be integral mod p, ¢ denoting here a column vector.
We can assume that Q has the second form in (1), and on taking x,=0, =1,
xs=—k, x3=h, mod p, see that (5) of §6 is equivalent to t=Qu with « in-
tegral. Theorem 13 follows, since at least one factor p of m will have the prop-
erties stated.

It should perhaps be remarked that an x cannot always be found as above
if m is not squarefree. For example if the rows of (p;;) are (p, 0, 0, 0),
(0, p, 0, 0), (0, 0, 2 k), and (0, 0, 0, 1), and F=D t;* mod p*, then xi=0
mod p? requires that p|x.
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